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Abstract. We introduce and study the concept of a bornological quantum 
group. This generalizes the theory of algebraic quantum groups in the sense of 
van Daele from the algebraic setting to the framework of bornological vector 
spaces. Working with bornological vector spaces, the scope of the latter theory 
can be extended considerably. In particular, the bornological theory covers 
smooth convolution algebras of arbitrary locally compact groups and their 
duals. Moreover Schwartz algebras of nilpotent Lie groups are bornological 
quantum groups in a natural way, and similarly one may consider algebras 
of functions on finitely generated discrete groups defined by various decay 
conditions. Another source of examples arises from deformation quantization 
in the sense of Rieffel. Apart from describing these examples we obtain some 
general results on bornological quantum groups. In particular, we construct 
the dual of a bornological quantum group and prove the Pontrjagin duality 
theorem. 

1. Introduction 

The concept of a multiplier Hopf algebra introduced by van Daele [2U extends 
the notion of a Hopf algebra to the setting of nonunital algebras. An important 
difference to the situation for ordinary Hopf algebras is that the comultiplication 
of a multiplier Hopf algebra H takes values in the multiplier algebra M(H H) 
and not in H <g> H itself. Due to the occurence of multipliers, certain constructions 
with Hopf algebras have to be carried out more carefully in this context. Still, 
every multiplier Hopf algebra is equipped with a counit and an antipode satisfying 
analogues of the usual axioms. A basic example of a multiplier Hopf algebra is 
the algebra C C (T) of compactly supported functions on a discrete group T. This 
multiplier Hopf algebra is an ordinary Hopf algebra iff the group T is finite. 
Algebraic quantum groups form a special class of multiplier Hopf algebras with 
particularly nice properties. Roughly speaking, an algebraic quantum group is a 
multiplier Hopf algebra with invertible antipode equipped with a Haar integral. 
Every algebraic quantum group admits a dual quantum group and the analogue of 
the Pontrjagin duality theorem holds [2B1- For instance, the multiplier Hopf algebra 
C c (r) associated to a discrete group T is in fact an algebraic quantum group, its 
Pontrjagin dual being the complex group ring CI\ More generally, all discrete and 
all compact quantum groups can be viewed as algebraic quantum groups. In addi- 
tion, the class of algebraic quantum groups is closed under some natural operations 
including the construction of the Drinfeld double Moreover, algebraic quantum 
groups give rise to examples of locally compact quantum groups J2| illustrating 
nicely some general features of the latter. 

However, due to the purely algebraic nature of the theory of multiplier Hopf alge- 
bras it is not possible to treat smooth convolution algebras of Lie groups in this 
context, for instance. Roughly speaking, if viewed in terms of convolution algebras, 
the theory of algebraic quantum groups covers only the case of totally disconnected 
groups. Accordingly, the variety of quantum groups that can be described in this 
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setting is obviously limited. It is thus desirable to have a more general setup then 
the one provided by algebraic quantum groups. 

Motivated by these facts we introduce in this paper the concept of a bornological 
quantum group. The main idea is to replace the category of vector spaces under- 
lying the definition of an algebraic quantum group by the category of bornological 
vector spaces. It is worth pointing out that bornological vector spaces provide the 
most natural setting to study various problems in noncommutative geometry and 
cyclic homology \TQ, EB], (HOI' However, it seems that they have not 

been used in the context of quantum groups before. 

The notion of a bornological vector space is dual to the concept of a locally con- 
vex vector space in a certain sense. Whereas the theory of locally convex vector 
spaces is based on the notion of an open subset, the key concept in the theory of 
bornological vector spaces is the notion of a bounded subset. It follows essentially 
from the definitions that both approaches are equivalent for normed spaces. In 
general, a locally convex vector space can be written canonically as a projective 
limit of normed spaces whereas a bornological vector space is the inductive limit 
of normed spaces in a canonical way. In particular both approaches yield natural 
extensions of the theory of normed spaces. It is an important fact that bornological 
and topological analysis are equivalent for Frechet spaces ^H]- However, as soon 
as one moves beyond Frechet spaces, the bornological approach is superior to the 
topological one in many respects. In particular, the category of bornological vector 
spaces has much better algebraic properties than the category of locally convex vec- 
tor spaces. It is thus in fact quite natural to work with bornological vector spaces 
in order to extend the theory of algebraic quantum groups. 

Let us make some more specific comments on this paper. As far as the general the- 
ory of bornological quantum groups is concerned we follow the work by van Daele 
in the algebraic case. However, most of the constructions have to be rephrased in 
a more abstract way. Unfortunately, a large part of the arguments becomes less 
transparent at the same time. In addition, the calculations we have to perform 
are quite lengthy and annoying. On the other hand, with a basic knowledge of 
the theory of Hopf algebras it is easy to translate our considerations into a slightly 
imprecise but more appealing form using the Sweedler notation. 
An important feature of the definition of a bornological quantum group is that it 
allows us to prove important general results while being quite simple at the same 
time. Although stronger assertions are possible at several points of the paper our 
setup seems to be sufficiently general for most purposes. 

Let us now describe in detail how the paper is organized. For the convenience of the 
reader, we have collected some preliminary material on bornological vector spaces 
in section [5] Section contains the definition of multiplier algebras of essential 
bornological algebras and a description of their basic properties. In section 0] we 
define bornological quantum groups. Moreover we prove that a bornological quan- 
tum group can be characterized as a generalized Hopf algebra in the sense that 
there exists a counit and an antipode satisfying axioms familiar from the theory of 
Hopf algebras. In section [3] we study modular properties of the Haar integral of a 
bornological quantum group. This part of the theory is completely parallel to the 
algebraic case. SectionElcontains the definition of essential modules and comodules 
over a bornological quantum group and some related considerations. In section0wc 
construct the dual quantum group of a bornological quantum group and prove the 
Pontrjagin duality theorem. Using Pontrjagin duality we show in section [5] that the 
category of essential modules over a bornological quantum group is isomorphic to 
the category of essential comodules over the dual quantum group and vice versa. As 
a consequence we obtain in particular a duality result for morphisms of bornological 
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quantum groups. In the remaining part of the paper we consider some basic exam- 
ples in order to illustrate the general theory. First we study the case of Lie groups 
in sectional More precisely, we show that the smooth group algebra T>(G) of a Lie 
group G as well as the algebra of smooth functions (G) with compact support 
are bornological quantum groups. Using the structure theory of locally compact 
groups, these considerations can actually be extended to arbitrary locally compact 
groups. In a similar way we study in section ITUI algebras of Schwartz functions on 
abelian and nilpotent Lie groups and their associated bornological quantum groups. 
Moreover, we consider algebras of functions on finitely generated discrete groups 
defined by various decay conditions with respect to the word length. These algebras 
can be viewed as certain completions of the complex group ring. Finally, in section 
llll wc describe bornological quantum groups arising from deformation quantization 
in the sense of Rieffel |5Tj. 

I would like to thank R. Meyer for some helpful comments. 

2. Bornological vector spaces 

In this section we review basic facts from the theory of bornological vector spaces. 
More information can be found in 0, ^3J, CHI- Throughout we work over the 
complex numbers. 

A bornological vector space is a vector space V together with a collection 6(V) 
of subsets of V satisfying certain conditions. These conditions can be viewed as 
an abstract reformulation of the properties of bounded subsets in a locally convex 
vector space. Following [15] . we call a subset S of a bornological vector space V 
small iff it is contained in the homology 6(V). Throughout the paper we assume 
that all homologies are convex. 

As already indicated, the guiding example of a homology is the collection of bounded 
subsets of a locally convex vector space. We write Q3ounD(U) for the bornological 
vector space associated to a locally convex vector space V in this way. One obtains 
another bornological vector space £otnp(V r ) by considering all precompact subsets 
of V instead. Recall that in a complete space V a set S C V is precompact iff 
its closure is compact. In certain situations the precompact homology has nicer 
properties than the bounded homology Finally, one may view an arbitrary vector 
space V as a bornological vector space by considering the fine homology {$tne(V). 
The fine homology consists precisely of the bounded subsets of finite dimensional 
subspaces of V. 

Returning to the general theory, recall that a subset S of a complex vector space 
is called a disk if it is circled and convex. To a disk S C V one associates the 
semi-normed space (5) which is defined as the linear span of S endowed with the 
semi- norm ||- \ \g given by the Minkowski functional. The disk S is called completant 
if (S) is a Banach space. A bornological vector space is called complete if each small 
set is contained in a completant small disk T. Throughout the paper we work only 
with complete bornological vector spaces. For simplicity, we will not mention this 
explicitly in the sequel. 

A linear map / : V — > W between bornological vector spaces is called bounded if it 
maps small subsets to small subsets. The space of bounded linear maps from V to 
W is denoted by Hom(V,VF). There is a natural homology on Hom(V, W) which 
consist of all sets L of linear maps such that L(S) C W is small for all small sets 
S d V. In contrast, in the setting of locally convex vector spaces there are many 
different topologies on spaces of continuous linear maps. 

We point out that the Hahn-Banach theorem does not hold for bornological vector 
spaces. In general there need not exist any nonzero bounded linear functional on 
a bornological vector space. A bornological vector space V is called regular if the 
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bounded linear functional on V separate points. The regularity of the underlying 
bornological vector space of a bornological quantum group will be guaranteed by 
the faithfulness of the Haar functional. Note also that all examples of bornological 
vector spaces arising from locally convex vector spaces are regular. 
In the category of bornological vector spaces direct sums, direct products, projective 
limits and inductive limits exist. These constructions are characterized by universal 
properties. Every complete bornological vector space can be written in a canonical 
way as a direct limit V = lim(5) of Banach spaces where the limit is taken over all 
small completant disks S in V. In this way analysis in bornological vector spaces 
reduces to analysis in Banach spaces. For instance, a sequence in a bornological 
vector space converges iff there exists a small disk S CV such that the sequence is 
contained in (S) and converges in this Banach space in the usual sense. 
There exists a natural tensor product in the category of bornological vector spaces. 
More precisely, the bornological tensor product V®W is characterized by the uni- 
versal property that bounded bilinear maps V x W — > X correspond to bounded 
linear maps V®W — > X. The bornological tensor product is associative and com- 
mutative and there is a natural adjunction isomorphism 

Kom(V®W, X) = Hom(y, Hom(W, X)) 

for all bornological vector spaces V,W,X. This relation is one of the main reasons 
that the category of bornological vector spaces is much better adapted for algebraic 
constructions than the category of locally convex spaces. Note that the completed 
projective tensor product in the category of locally convex spaces does not have a 
right adjoint functor because it does not commute with direct sums. 
Throughout the paper we will use the leg numbering convention for maps defined 
on tensor products. For instance, if / : — > V^VF is a bounded linear map 
and U is some bornological vector space we write / 23 for the map id(g>/ defined 
on U®V®W . Moreover, we sometimes write id(„) to indicate that we consider the 
identity map on an n-fold tensor product. 

A bornological algebra is a complete bornological vector space A with an associative 
multiplication given as a bounded linear map \i : A® A — > A. A homomorphism 
between bornological algebras is a bounded linear map / : A — > B which is com- 
patible with multiplication. Remark that bornological algebras arc not assumed to 
have a unit. The tensor product A®B of two bornological algebras is a bornological 
algebra in a natural way. 

A (left) A-module over a bornological algebra A is a bornological vector space 
M together with a bounded linear map A : A®M — > M satisfying the axiom 
A(id®A) = A(/i®id) for an action. A homomorphism / : M — > TV of yl-modules is 
a bounded linear map commuting with the action of A. Such homomorphisms will 
also called yl-module maps. 

Let us return to the basic examples of bornological vector spaces mentioned above. 
It follows immediately from the definitions that all linear maps / : V — > W from a 
fine space V into any bornological vector space W are bounded. In particular there 
is a fully faithful functor Sine from the category of complex vector spaces into the 
category of bornological vector spaces. This embedding is compatible with tensor 
products. If V\ and V2 are fine spaces the completed bornological tensor product 
V1CXDV2 is the algebraic tensor product V\ ® V2 equipped with the fine homology. In 
particular, every algebra A over the complex numbers can be viewed as a bornolog- 
ical algebra with the fine bornology. 

In the case of Frechet spaces a linear map / : V — > W is bounded for the bounded 
or the precompact homologies iff it is continuous. Hence the functors *BounO and 
Comp from the category of Frechet spaces into the category of bornological vector 
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spaces are fully faithful. The following theorem describes the completed bornologi- 
cal tensor product of Frechet spaces with the precompact homology and is proved 
in H3|. 

Theorem 2.1. Let V and W be Frechet spaces and let V^W be their completed 
projective tensor product. Then there is a natural isomorphism 

£omp(F)(g)£omp(^) = £omp(V® w W) 

of complete bornological vector spaces. 

In our setup for the theory of bornological quantum groups we will use the ap- 
proximation property in order to avoid certain analytical problems with completed 
tensor products. The approximation property in the setting of bornological vector 
spaces has been studied by Meyer Let us explain some definitions and results 
as far as they are needed for our purposes. 

A subset S of a bornological vector space V is called compact if it is a compact sub- 
set of the Banach space (T) for some small disk T C V. By definition, a bounded 
linear map / : V — > W can be approximated uniformly on compact subsets by finite 
rank operators if for all compact disks S C V there exists a sequence (/ n ) n eN of 
finite rank operators f n : V — > W such that /„ converges to / in Hom((5),W). 
An operator / : V — > W is of finite rank if it is contained in the image of the 
natural map from the uncompleted tensor product W ®V into Hom(V, W) where 
V' = Hom(V, C) is the dual space of V. 

Definition 2.2. Let V be a complete bornological vector space. Then V has the 
approximation property if the identity map of V can be approximated uniformly on 
compact subsets by finite rank operators. 

The following result from |15| explains the relation between the bornological ap- 
proximation property and Grothendieck's approximation property for locally convex 
vector spaces UJ. 

Theorem 2.3. Let V be a Frechet space. Then €omp(V) has the approximation 
property iff V has the approximation property as a locally convex vector space. 

We will need the following two properties of bornological vector spaces satisfying 
the approximation property. 

Lemma 2.4. Let H be a bornological vector space satisfying the approximation 
property and let i : V — > W be an infective bounded linear map. Then the induced 
bounded linear map id (g>t : H®V — > H®W is infective as well. 

Proof. Let x G H®V be a nonzero element. We have to show that (id<8>i)(a:) is 
nonzero as well. The element x is contained in the completant disked hull R of 
S ® T for some small disks S C H and T C V. Choose a sequence f n :H—>H 
of finite rank operators approximating the identity uniformly on S. Then /„®id 
approximates the identity uniformly on R. Consider the commutative diagram 

id ®t 

H®V *-H®W 



A.® id 



H „ ® V H n ®W 

where H n denotes the image of f n . Observe that the spaces H n V and H n ® W are 
complete since H n is finite dimensional. The bottom horizontal arrow is injective 
by assumption. Hence it suffices to show that {f n <k> id) (x) € H n (g> V is nonzero for 
some n. However, (/„® id) (a;) converges to x in H®V since f n ® id : H®V — > H®V 
converges uniformly to the identity on R. This yields the claim. □ 
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Lemma 2.5. Let H be a bornological vector space satisfying the approximation 
property and let V be an arbitrary bornological vector space. Then the canonical 
linear map l : H®V' — ► Hom(V, H) is injective. 

Proof. Let x E H®V be a nonzero element. We shall show that i{x) is nonzero as 
well. Again, x is contained in the completant disked hull R of S ® T for some small 
disks S C H and T C V . Choose a sequence /„ : H — > H of finite rank operators 
approximating the identity uniformly on S and consider the commutative diagram 



(fn 



H n ®V » Hom(y, H n ) 

where H n is the image of f n as above. In the same way as in the proof of lemma 
12.41 one obtains the assertion. □ 

3. Multiplier algebras 

In this section we prove basic results on multiplier algebras of bornological alge- 
bras that will be needed in the sequel. 

The theory of multiplier Hopf algebras is an extension of the theory of Hopf alge- 
bras to the case where the underlying algebras do not have an identity element. 
Similarly, in our setting we will have to work with non-unital bornological algebras. 
However, in order to obtain a reasonable theory, it is necessary to impose some 
conditions on the multiplication. We will work with bornological algebras that are 
essential in the following sense. 

Definition 3.1. A bornological algebra H is called essential if the multiplication 
map induces an isomorphism H®hH = H . 

In order to avoid trivialities we shall always assume that essential bornologi- 
cal algebras are different from zero. Clearly, every unital bornological algebra is 
essential. If H has an approximate identity then H is essential iff the multi- 
plication H®H — > H is a bornological quotient map. A bornological algebra H 
has an approximate identity if for every small subset S of H there is a sequence 
(w n )nGN in H such that u n x and xu n converge uniformly to x for every x £ S. We 
will not require the existence of approximate identites in the general definition of 
a bornological quantum group. However, in many cases it is easy to check that 
approximate identities do indeed exist. 

Definition 3.2. Let H be a bornological algebra. An H -module V is called essential 
if the canonical map H®hV — > V is an isomorphism. 

An analogous definition can be given for right modules. In particular, an essen- 
tial algebra H is an essential left and right module over itself. 
We shall now discuss multipliers. A left multiplier for a bornological algebra H is a 
bounded linear map L : H — > H such that L(fg) — L(f)g for all f,g € H. Similarly, 
a right multiplier is a bounded linear map R : H — > H such that R{f g) = fR(g) 
for all f,g G H. We let Mi(H) and M r (H) be the spaces of left and right mul- 
tipliers, respectively. These spaces are equipped with the subspace bornology of 
Hom(iJ, H) and become bornological algebras with multiplication given by com- 
position of maps. The multiplier algebra M (H) of a bornological algebra H is the 
space of all pairs (L, R) where L is a left muliplier and R is a right multiplier for 
H such that fL(g) = R(f)g for all f,g € H. The bornology and algebra structure 
of M{H) are inherited from Mi(H) © M r (H). There is a natural homomorphism 
l : H — > M(H). By construction, H is a left and right M(i?)-module in a natural 
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way. 

Let H and K be bornological algebras and let / : H — > M(K) be a homomor- 
phism. Then if is a left and right H-module in an obvious way. We say that 
the homomorphism / : H — > M(K) is essential if it turns K into an essential left 
and right iJ-module. That is, for the corresponding module structures we have 
H®hK — K = K®hH in this case. Note that the identity map id : H — > H 
defines an essential homomorphism H — > M(H) iff the bornological algebra if is 
essential. 

Lemma 3.3. Let H be a bornological algebra and let f : H —> M{K) be an essential 
homomorphism into the multiplier algebra of an essential bornological algebra K . 
Then there exists a unique unital homomorphism F : M(H) — > M(K) such that 
Ft = f where I : H M(H) is the canonical map. 

Proof. We obtain a bounded linear map Fi : Mi(H) — » Mi(K) by 

Mi{H)®K= Mi(H)®H® H K -^1 H® H K = K 
and accordingly a map F r : M r (H) — > M r (K) by 

K®M r {H) = K® H H®M r {H) — — K®hH = K. 

It is straightforward to check that F((L,R)) = (F;(X), F r (R)) defines a unital 
homomorphism F : M(H) — > M(K) such that Ft = /. Uniqueness of F follows 
from the fact that f(H) ■ K C K and K ■ f{H) C if are dense subspaces. □ 

Lemma 3.4. Let Hi,H 2 be essential bornological algebras and let f% : Hi — > 
M(K\) and $2 : i?a - ^ M(K 2 ) be essential homomorphisms into the multiplier 
algebras of bornological algebras K\ and K 2 . Then the induced homomorphism 
h®h '■ Hi®H 2 — » M(Ki®K 2 ) is essential. 

Proof. By assumption the maps f\ and f 2 induce isomorphisms H\®h 1 Ki = K\ 
and H 2 ®h 2 K 2 — K 2 . Let us show that the natural bounded linear map 

/3 : (Hi®H2)® {Hl ® H2) (Ki<g>K 2 ) -» H\®h 1 K\®H 2 ®h 2 K 2 

is an isomorphism. We observe that 

h\lxx ® h 2 l 2 ®ki (g) fc 2 — foiZi <8> ® xfci ® fc 2 

= /iJia; (g) /i 2 ^2 ®k\®k 2 -hi®h 2 ® lixki ® ^fe 

+ /ii ® /i 2 ® 8> fofe — Wi ® ft-2^2 05 a;fci <8> &2 

is zero in (Hi®H 2 )®^ Hi ^ H ^(Ki®K 2 ). Using a similar formula for tensor relations 
over ii2 we see that the map 

H x ® H x ® K x ® H 2 ® H 2 ® K 2 ^ (i?i<&ff2)®( ffl &ff 3 )#i®#2 

induced by multiplication in iii and i?2 and a flip of the tensor factors descends to 
a bounded linear map 

which is inverse to the map /?. Hence the map fi®f 2 induces an isomorphism 
(Hi®H 2 )® Hi ^ H2 (Ki®K 2 ) = K\®K 2 . In a similar way one obtains the isomor- 
phism iK x ®K 2 )® H ^ m2 {R X ®R 2 ) = Fi(g)F 2 . □ 
Following the terminology of van Daele [35] , we say that a bornological algebra H 
is nondegenerate if fg — for all g £ H implies / = and fg = for all / implies 
g = 0. These conditions can be reformulated by saying that the natural maps 

H — ► M[(H), H — » M r {H) 
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are injective. In particular, for a nondegenerate bornological algebra the canonical 
map H — » M(H) is injective. 

Nondegeneracy of a bornological algebra is a consequence of the existence of a 
faithful linear functional in the following sense. 

Definition 3.5. Let H be a bornological algebra. A bounded linear functional to : 
H — > C is called faithful if Lu(fg) — for all g implies f = and w(fg) = for all 
f implies 5 = 0. 

Remark that a bornological algebra H equipped with a faithful bounded linear 
functional is regular in the sense that bounded linear functionals separate the points 
of H. 

Lemma 3.6. Let Hi and H2 be bornological algebras satisfying the approximation 
property equipped with faithful bounded linear functionals 4>i o,nd <f>2 , respectively. 
Then <\>\®§i is a faithful linear functional on H\®H2- 

Proof. Let us show that the canonical map Hi®H2 — > Mi(Hi®H<2) is injective. We 
assume that x is in the kernel of this map. Since (j>i is faithful the map T : Hi — > H [ 
given by F{f)(g) — <j>i(fg) is injective. Consider the chain of maps 

H X ®H 2 ^^H[(g)H2 *-Bom(Hi,H 2 ) 

where the second arrow is the obvious one. The first of these maps is injective 
according to lemma 1^41 the second map is injective according to lemma E75l Since 
x(g <g> h) = for all g 6 Hi and h G H2 and cj>2 is faithful we and see that the image 
of x in Hom(i/i, H2) is zero. Hence x = as well. The assertion concerning right 
multipliers is proved in a similar way. □ 

4. Bornological quantum groups 

In this section we introduce the notion of a bornological quantum group. More- 
over we prove that every bornological quantum group is equipped with a counit 
and an invertible antipode. 

In the sequel we assume that H is an essential bornological algebra satisfying the 
approximation property. Moreover we suppose that H is equipped with a faithful 
bounded linear functional. Remark that we may thus view H as a subset of the 
multiplier algebra M(H). We will do this frequently without further mentioning. 
Taking into account lemma ISTBI an analogous statement applies to tensor powers 
of H. 

First we have to discuss the concept of a comultiplication on H. Let A : H — > 
M(H®H) be a homomorphism. The left Galois maps ji,-/ r : H®H — > M{H®H) 
for A are defined by 

7l (f ® g) = A(f)(g ® 1), 7r (/ ®g) = A(/)(l ® g). 

Similarly, the right Galois maps pi,p r : H®H — » M(H®H) for A are defined by 

Pl(f ® 9) = (/ ® 1)A(3), PrU ® 9) = (1 ® /)A( 5 ). 

These maps, or rather their appropriate analogues, play an important role in the 
algebraic as well as the analytic theory of quantum groups [22], Q. Our 

terminology is motivated from the fact that they also occur in the theory of Hopf- 
Galois extensions |18| . 

Assume in addition that the homomorphism A : H — > M (H(&H) is essential. Then 
A is called coassociative if 



(A® id) A = (id® A) A 
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where both sides are viewed as maps from H to M(H®H®H). Remark that these 
maps are well-defined according to lemma 13.41 

Definition 4.1. An essential homomorphism A : H — > M(H®H) is called a co- 
multiplication if it is coassociative. 

An essential algebra homomorphism / : H — > M{K) between bornological 
algebras equipped with comultiplications is called a coalgebra homomorphism if 
A/ = (/®/)A. 

We need some more terminology. The opposite algebra H op of H is the space 
H equipped with the opposite multiplication. That is, the multiplication /i op in 
H op is defined by p° p — pr where p : H(g)H — > H is the multiplication in H and 
t : H®H — » H<E>H is the flip map given by r(/ <E> g) — g <S> f ■ An algebra an- 
tihomomorphism between H and K is an algebra homomorphism cf> : H — > if op . 
Equivalently, an algebra antihomomorphism can be viewed as an algebra homo- 
morphism H op —> K. If A : H — > M(H®H) is a comultiplication then A also 
defines a comultiplication -> M(H op ®H op ). We write 7° p , 7° p , p° p , p° p for the 
corresponding Galois maps. 

Apart from changing the order of multiplication we may also reverse the order of 
a comultiplication. If A : H — ► M(H®H) is a comultiplication then the opposite 
comultiplication A cop is the essential homomorphism from H to M(H®H) defined 
by A cop = tA. We write 7 z cop , 7r° p , P™ p , P™ p I0r the Galois maps associated to this 
comultiplication. Moreover we write H cop for H equipped with the opposite comul- 
tiplication. Using opposite comultiplications we obtain the notion of a coalgebra 
antihomomorphism. 

We may also combine these procedures, that is, reverse both multiplication and co- 
multiplication. The bornological algebra with comultiplication arising in this way 
is denoted by H opcop = (H op ) cop and we write jf pcop , 7° pcop , p° pcop , p opcop for the 
corresponding Galois maps. 

It is straightforward to check that the Galois maps of H, H op , H cop and H opcop are 
related as follows. 

Lemma 4.2. Let A : H — > M(H®H) be a comultiplication. Then we have 



7r 


cop 

= T ll , 


Pi 


op 

= ll 1 


Pr 


opcop 

= T ll 


ll 


= rjr, 


Pr 


= l°r P T, 


Pi 


= TJ° pCOP T 


Pr 


cop 

= T PI ) 


ll 


op 

= Pi r, 


Ir 


opcop 

= T PI 


Pi 


= r P r, 


Ir 


= P?T, 


ll 


= T P ° PCOP T 



for the Galois maps ofH,H op ,H cop and H opcop . 

Observe that the previous relations can also be rewritten in the form 



ir 


= T7r, 


1? 


= PIT, 


^opcop 


= rp r T 


l C r° P 


= T-fl, 


1? 


= PrT, 


opcop 
ir 


= rpiT 


P c r 


= Tp r , 


P7 


= llT, 


opcop 

Pi 


= TJ r T 


p C r° P 


= rpi, 


P? 


= IrT, 


opcop 


= T'YlT. 



As a consequence, the Galois maps for H may be expressed in terms of the maps 
lhl° P \li° P an d 7° pcop and vice versa. Of course, there are similar statements for 
7 r , pi and p r . This basic observation will be used frequently below. 
Let A : H — > M (H®H) be a comultiplication such that all Galois maps associated 
to A define bounded linear maps from H®H into itself. If a; is a bounded linear 
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functional on H we define for every / 6 H a multiplier (id<8>cj)A(/) G M(H) by 

(iddw)A(/) -g = (iddw) 7; (/ ® ff) 
g- (id®w)A(/) = (id(»a;)p/(ff(g)/). 
To check that this is indeed a two-sided multiplier observe that 

(/ ® 1)7/(5 ® M = ® 9)(h ® 1) 

for all f,g,h€ H . In a similar way we define (a;® id)A(/) G M(H) by 

(w® id) A(/) • 5 = (id ®w) 7r (/ (8 ff ) 

g • (w®id)A(/) = (id(8iw)p r (.g <g> /). 

Definition 4.3. Let A : H — > M(H®H) be a comultiplication such that all Galois 
maps associated to A define bounded linear maps from H®H into itself. 
A bounded linear functional <fi : H — > C is called left invariant if 

(id®0)A(/) = 0(/)l 

for all f G H. Similarly, a bounded linear functional ip : H — * C is called right 
invariant if 

(^®id)A(/) = V(/)l 

for all f e H. 

Let us now give the definition of a bornological quantum group. 

Definition 4.4. A bornological quantum group is an essential bornological algebra 
H satisfying the approximation property together with a comultiplication A : H — > 
M (H®H) such that all Galois maps associated to A are isomorphisms and a faithful 
left invariant functional <f> : H — > C . 

A morphism between bornological quantum groups H and K is an essential algebra 
homomorphism a : H — > M(K) such that (a<S>a)A = Aa. 

To be precise, the Galois maps in a bornological quantum group are supposed to 
yield bornological isomorphisms of H®H into itself. The left invariant functional 
cj) is also referred to as the left Haar functional. 

Our definition of a bornological quantum group is equivalent to the definition of 
an algebraic quantum group in the sense of van Daele |26j provided the underlying 
bornological vector space carries the fine bornology. The only difference in this case 
is that we have included faithfulness of the Haar functional in the definition. 

Lemma 4.5. Let H be a bornological quantum group. Then 

(pj (8 id) (id ®7 r ) = (id®7 r )(p ; <g)id) 

where both sides are viewed as maps from H®H®H into itself. 

Proof. Using associativity and coassociativity we compute 

(pi <8 id) (id <g> 7r ) = (/i® id <8> id) (id ® A(g> id) (id <8> id %t) (id d> Ad id) 

= (/id) id d id) (id d id d id d/t) (id d Ad id d id) (id d Ad id) 

= (/id id d id) (id d id d id d/t) (id d id d Ad id) (id d Ad id) 

= (id d id d/t) (id d Ad id) (/id id d id) (id d Ad id) 

= (idd7r)(p/did) 

which yields the claim. □ 
The following theorem provides an alternative description of bornological quantum 
groups. 



BORNOLOGICAL QUANTUM GROUPS 



11 



Theorem 4.6. Let H be an essential bornological algebra satisfying the approx- 
imation property and let A : H — > M(H®H) be a comultiplication such that all 
associated Galois maps define bounded linear maps from H®H to itself. Moreover 
assume that <f> : H — > C is a faithful left invariant functional. Then H is a bornolog- 
ical quantum group iff there exist an essential algebra homomorphism e : H — > C 
and a linear isomorphism S : H — > H which is both an algebra antihomomorphism 
and a coalgebra antihomomorphism such that 

(e®id)A =id= (id®e)A 

and 

(j,(S<S) id)j r = e® id, (x(id<&S)pi = id®e. 
In this case the maps e and S are uniquely determined. 

Proof. The proof follows the discussion in Along the way we obtain some 

formulas which are also useful in other situations. 

Let us first assume that there exist maps e and S satisfying the above conditions. 
Following the traditional terminology, these maps will be called the counit and the 
antipodc of H . We claim that the inverse 7" 1 of j r is given by 

7" 1 = (5- 1 ®id)7™ p (S , ®id). 

Using that S is a coalgebra antihomomorphism we obtain the equality 

(S , - 1 ®id) 7 ^ p (S'®id) = (S , - 1 ®id)(id®^)(A cop ®id)(S'<g>id) 
= (id®/x)(S ,_1 (giid(8)id)(TAS'«)id) 
= (id ®^i) (id®,?® id) (A® id) 

where both sides are viewed as maps from H®H to M(H(&H). In particular, the 
image of the last map is contained in H®H. We compute 

M(2) (7^ 1 7r ( X> id (2 ) ) = M(2) (id ®M® id (2 ) ) (id ®S® id (3 ) ) (A® id (3) ) (7 r ® id (2 ) ) 

= (fi®fi) (id ®t® id) (id <S>/x<8) id (2 ) ) (id ®S® id (3) ) (A® id (3) ) (7,.® id (2) ) 

= (id ®/z) (id ®/i® id) (id ® S® id (2 ) ) (7; ® id (2) ) (id (grig) id) (7,. ® id (2) ) 

= (id ®/x) (id ®/i® id) (id ®S® id (2) ) (id ®7 r ® id) (id ®r® id)7, 13 

= (id ®/x) (id ®e® id (2) ) (id ®r® id)7, 13 

= (id(8>/z)(id ( 2) ®e(g)id)7, 13 

= M(2)(id®e®id( 3 ))(A®id(3)) = /i(2) 

where we write /i( 2 ) for the multiplication in the tensor product H®H . Similarly 
we have 

M(2)(id( 2 ) ^Irlr 1 ) = M(2) (id( 3 ) ®M)(id( 2 ) ®A®id)(id (2 ) ®7r _1 ) 
= (//®/i)(id®T®id)(id (3 ) ®M)(id( 2 ) ®A®id)(id (2) ®7 r _1 ) 
= (/x®/*) (id ®r® id)(id( 3 ) ®/u)(id( 2 ) ®A®id)(id( 3 ) ®j«) 

(id (3 ) ®,S® id)(id( 2 ) ® A® id) 
= (/x®/x) (id( 3 ) ®/i)(id®r® id( 2 ))(id(4) ®/x)(id( 4 ) ®5®id) 

(id (2 ) ®A®id( 2 ))(id( 2 ) ®A®id) 
= (/x®/i)(id( 2 ) ®^®A t )(id(4) ®5®id)(id®r®id( 3 )) 

(id (2 ) ®A®id( 2 ))(id(2) ®A®id) 
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= (/x<g>/i)(id( 3 ) <8>/i)(id(3) (8)5(8) id) (id( 2 ) ®^® id (2 )) 

(id( 3) ®A® id) (id ®t® id (2) ) (id (2 ) ® A® id) 
= (/x<8>/i)(id( 2 ) ®^®id)(id( 3 ) ®5® id)(id( 2 ) ®P!®id) 

(id ®t® id(2))(id (2 ) ®A® id) 

= (/xig)/x)(id(3) ®e® id)(id®r® id( 2 ))(id( 2 ) ®A®id) 

= /Lt(2)(id( 3 ) ®e®id)(id (2 ) ®A<g)id) = /x (2 ) 

which shows that 7r is an isomorphism. Remark that we did not use the linear 
functional <p in this discussion. 

In order to treat the other Galois maps one could perform similar calculations. 
We proceed in a different way and show first that the given counit and invertible 
antipode for H provide as with counits and antipodes for H op , H cop and H opcop as 
well. More precisely, observe that the counit e satisfies 

(e®id)A cop = id = (id®e)A cop 

which means that e is a counit for H cop and H opcop . Using lemma ET31 we obtain 

^ op (5®id) 7 ° pcop = /j,T(S®id)TpiT = n(id<S>S)piT = e®id 

and 

fi op (id®S)p° pcop = pr(id (8S , )r 7r T = p{id®S) lr T = id®e 
which shows that S is an antipode for H opcop . We compute 
p{p op ® id)(S'- 1 (8 id <8 id)( 7 7® id) 

= p{p op ® id) (S- 1 (§5 - 1 (8 id) (id ® 5® id) ( 7 ° p ® id) 

= //(S"- 1 (8 id) fot® id) (id (85(8 id) ( 7 ° p ® id) 

= S'-Vr^® id)(id®5(85)( 7 7®id) 

= 5- 1 /i(id (r® id) (id ®r) (id ®5®5) ( 7 ° p ® id) 

= S~ V(m® id) (5® id ®5)(r® id) (id ®r) ( 7 ° p ® id) 

= 5" V(m® id) (5® id ®5) (id ® 7 7) (t® id) (id ®r) 

= 5" V(M® id) (id ®5® id) (p/® id) (5® id ®5) (r® id) (id ®r) 

= S~ V( id ®e® id) (5® id ®5)(t® id) (id ®r) 

= 5 _ V(e®id® id)(id®5®5)(id ®t) 

= /i(5- 1 ®5- 1 )(5®5)(e®id®id) 

= yu(e® id® id) 

which yields 

^{S-^id)^ = e®id. 

Similarly we have 

A*(id ®m° p ) ( id ® id ®5~ x ) (id ®p° p ) 

= p(id ®// op )(id ®S , - 1 ®5- 1 )(id ®5® id) (id ®p° p ) 

= piid ®S~ l ) (id ®p) (id ® 5® id) (id ®p° p ) 

= 5-V^(id®M)(5®5®id)(id®p° p ) 

= 5"V(M®id)(id ®t)(t® id)(5®5®id)(id®p° p ) 

= 5" V(id ®^)(5® id ®5)(id ®t)(t® id) (id ®p° p ) 

= S~ V(id ®/i)(5® id ®5)(p° p ® id) (id ®r)(r® id) 
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= 5~ V(id ®/x)(id ®S® id) (id ®7 r ) (5® id 05) (id ®r) (r® id) 
= S~V(id®id®e)(S®S®id)(r®id) 
= M(5~ 1 ®S~ 1 )(5(»5)(id(»id(»e) 
= /i(id®id®e) 

which implies 

/^(id®^ 1 )^ =id®e. 

Hence S 1-1 is an antipode for H op . As above it follows that S^ 1 is also an antipode 
for H cop = (7J°p)°p co p We may now apply our previous argument for the Galois 
map j r to H op ,H cop and H opcop and use lemma l4~2*l to see that ji,pi and p r are 
isomorphisms as well. This shows that H is a bornological quantum group. 
Conversely, let us assume that H is a bornological quantum group and construct 
the maps e and S. We begin with the counit e. Choose an element h G H such 
that 0(/i) = 1 and set 

e{f) = cj ) { wT 1 {h®f)). 
This yields obviously a bounded linear map e : H — > C. Using 

(4.1) Y r (id(g)/z) = (id(8>ji)7 r 
we easily see that the formula 

defines a left multiplier E(f) of H . Actually, we obtain a bounded linear map 
E : H — > Mi(H) in this way. Using lemma l4~5l we obtain 

(id®/i)(id®£®id)(p ; ®id)(id®7 r ) = (id«)/i)(id(8i7~ 1 )(p i (8)id)(id(8)7 r ) 

= (id®/i)(id®7 r ~ 1 )(id(t)7 r )(p / ®id) 

= (id®M)(p/®id) 

= (id®p)(p® id®id)(id®A® id) 

= (//(g) id) (id ® id ®/x) (id ® A® id) 

= ((j,® id)(id®7 r ). 

Since 7 r and p; are isomorphisms this implies 

(4.2) (id®/i)(id®£7®id) = ^/jj -1 ®id. 

Evaluating equation Ij4.2|l on a tensor h <Z> f <£> g where /i is chosen as above and 
applying (f>® id we get 

E(f) ■ g = (0® id)(h ® E(f) ■ g) = Hm'ih ® /))<? = e(/).g 

and hence 

(4-3) £(/) = e(/)l 

in Mi(H) for every / 6 This shows in particular that we could have used any 
nonzero bounded linear functional in order to define e. To obtain equation l|4.3(l we 
did not use the fact that <fi is left invariant and faithful. 
According to equation (|4.3(l and the definition of E we have 

(4.4) (e® id)7 r = fi(E<g) \d)^ r = p. 

Equation (|4.2I) yields 

ge(f) (g>h = g(Z> e(f)h = np^(g ® /) ® h 

for all f,g€H which implies 

(4-5) 9<f) = m\9®f)- 



14 



CHRISTIAN VOIGT 



This is equivalent to 

(4.6) (id®e)/?i =/i 
since p\ is an isomorphism. 

Let us now show that e is an algebra homomorphism. We have 

(4.7) pi(id®{i) = (^®id)(id®/i( 2 ))(id<8>A<8>A) = /i (2) (p ; <gA) 

because A is an algebra homomorphism. According to this relation and equation 
1(4. 6() we get 

(id(g)e)/i(2)(id®id<g)A)(pi<g)id) = (id <E>e)pi(id <8>/i) = p(id<g)p) 
= p(p(3id) = ^(id®e® id)(p;Cg>id) 
and since pi is an isomorphism this implies 

(id ®e)/i (2) (id <g> id <g)A) = //(id <§e(g) id). 
Now observe /ii( 2 ) (id C§> id ® A) = (id ®p)p]^ and hence 

(id(g)e)(id«i^)p, 13 = /i(id ®e® id) = (id ®e)(id ®e<8) id)p z 13 
where we use equation (14.6(1 . We deduce 

(id®e)(id(g)/x) = (id ®e)(id <8>e® id) 

which implies 

e(/<?) = <f)e(g) 
for all /, g € if . Thus e is an algebra homomorphism. 
Using this fact and equation (|4.6I) we calculate 

ju(id( 2 ) ®e)(id®7 r ) = (id (g>e)(id <£>p)(pi® id) = (id®/^)(id®e<g>e)(p/(g>id) = /i®e 

which implies 

(4.8) (id ®e)7 r = id ®e. 
Analogously one has 

(4.9) (e<8> id)p ; = e<g) id 
as a consequence of equation 1(4. 4(1 . 

It is easy to see that the map e is nonzero. To check that e is nondegenerate we 
define a bounded linear map a : C — > i?®#C by er(l) = fe ® 1 where fc £ if is an 
element satisfying e(k) = 1. Using equation ((4.4|) and equation ((4.81) we obtain 

a-(e<g>id)(/(g)l) = e(/)fe(g)l = (i'y- 1 {f®k)® 1 = (id®e)7 r : 1 (/Ofe) = /<g>e(fc)l = /<g>l 

which implies H®hC = C. In a similar way one checks C^hH = C using equation 
((4.9|) . This shows that e is nondegenerate. 
According to equation ((4.611 we thus have 

(4.10) (id®e)A = id 
and using equation 1(4.4(1 we get 

(4.11) (e®id)A = id. 

Conversely the last equation implies (e® id)7,. = p which in turn determines e 
uniquely since "f r is an isomorphism. 

Now we shall construct the antipode. It is easy to check that the formulas 

Si(f) ■ g = (e® id) 7 - 1 (/ ® 5 ), g ■ S r (f) = (id®e)p^(g ® /) 

define a left multiplier Si(f) and a right multiplier S r (f) of H for every / £ H. In 
this way we obtain bounded linear maps Si : H — > Mi(H) and S r : H — > M r (H). 
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Let us show that Si is an algebra antihomomorphism. Using lemma l4"31 and equation 
(|4.6|) we get 

(id ®p) (id ® Si ® id) (p/ ® id) = (id ® p) (id <8>S/ ® id) (id (817,. ) (p; ® id) (id 8)7" 1 ) 
= (id ® e® id) (id ® 77 1 ) (id ®7 r ) (p z <g> id) (id ®7~ 1 ) 
= (id(g)e(g)id)(p ; (g)id)(id(8)77 1 ) 
= (pigiidXid®^" 1 ). 
Applying the multiplication map p to this equation yields 

(4.12) p(id®p)(id®S;®id)(p;®id) = p(id(g)p7~ 1 ) = p(id ®e® id) 

where we use equation 14.41 According to equation 1)4. 70 . equation 14. 120 and the 
fact that e is an algebra homomorphism and another application of equation l|4.120 
we obtain 

p(id ®p) (id ®Si<g) id) (p (2 ) ® id) (p; <g A® id) 

= p (id ® p) (id ® 5; ® id) (p ; ® id) (id ® p® id) 
= p(id®e®id)(id®p®id) 
= p(id®e®e® id) 

= p (id ®p) (id ® 5; ® id) (p ; ® id) (id ® id ®e® id) . 
Since p/ is an isomorphism this yields due to equation Q4.120 
p( id ®p) (id ® S/® id) (id ®p® id)p; 13 

= p(id ®p) (id ®S/® id) (p (2 ) ® id) (id ® id ® A® id) 
= p(id®p)(id®S)® id)(id® id®e® id) 
= p(id<8>e(8>id)(id(2) ®p)(id ®r® id)(id®S/® id( 2 )) 
= p(id(gip)(id(g)S';®id)(id(2) ®p)(pz® id (2) ) (id ®r® id)(id®S;® id (2) ) 
= p(id®p)(id®S/®id)(id( 2 ) ®p)(id( 2 ) 8)5/® id) (id ®t® id)p, 13 
and hence 

p(id ®p) (id ®S/® id) (id ®p® id) = p(id ®p) (id ®p® id) (id ®r® id) (id ®Sj<8>£i ® id) . 
Since the algebra is nondegenerate we obtain 

(4.13) Sitfg) = SMStf) 
for all /, g S i? as claimed. 

For the we do an analogous calculation. We have 

(p® id) (id ®5 r ® id) (id ®7 r ) = (p® id) (id ®SV® id) (p ; ® id) (id ®7 r )(p^ 1 ® id) 
= (id®e®id)(id®7 r )(p ; _1 ®id) = (id ®p)(p^ 1 ® id) 
and applying p yields 

(4.14) p(p® id) (id ®5 r ® id) (id ®7 r ) = p(ppj _1 ®id) = p(id®e®id). 

As above one may proceed to show that S r is an algebra antihomomorphism. We 
shall instead first show that (Si(f), S r (f j) is a two-sided multiplier of H for every 
/ 6 H. By the definition of S r we have p(id®5V) = (id®e)p ; _1 and hence equation 
Ij4.120 implies 

p(id®p)(id®S'i®id) = p(id®e® id)(p,~ 1 ® id) = p(p® id) (id ®5 r ® id) 

which is precisely the required identity. We can now use equation (|4.13l) to obtain 
that S r is an algebra antihomomorphism. If S : H — > M(H) denotes the linear 
map determined by 5; and S r we have thus showed so far that S : H — > M(H) is 
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a bounded algebra antihomomorphism. 

Let us define for / 6 H an element Si(f) £ Mi(H) and an element S r (f) £ M r (H) 
by 

Si(f) ■ 9 = (e® id) 7 f V(/ ® <?), 5 ■ &.(/) = (id ®e)p- 1 r(p ® /). 

According to lemma IOI we have r yf 1 r = (7r° p )~ 1 and p~ x r = (p° op ) -1 . The 
discussion above applied to i? cop shows that 5; and 5 r determine a bounded algebra 
antihomomorphism S : H M(H). 

Our next goal is to prove that 5 and 5 actually define bounded linear maps from 
H into itself which are inverse to each other. In order to do this observe 

(id®^)(r®id) = (id ®/i)(r® id)(7 r ® id)^ -1 ® id) = ^ (2) (A cop ® id^))^ -1 ®^) 

which implies 

(/*<§> id) (id ® 5® id) (id ® id ®/x) (id ® t® id) 

= (/x® id) (id ®5® id) (id ®/x (2 ) ) (id ® A cop ® id (2) ) (id ®7~ 1 ® id) 
= (/x® id) (id ® 5® id) (id ®>® id) (id ®r® id) 

(id (2 ) ®7, cop )(id ®r® id) (id ®7 J T 1 ® id) 
= (/z® id) (id ® /it® id) (id ® 5® 5® id) (id (2) ®7™ p ® id) (id ®T7" 1 ® id) 

since 5 is an algebra antihomomorphism. Applying fi to this equation yields 

//(id®/z) (id ®/i® id) (id ® 5® id (2) ) (id ®t® id) 

= /u(/z® id) (id ®5® id) (id ® id ®/x) (id ®r® id) 

= Ai(A*®id)(id®^®id)(id®5®5®id)(id (2) ®7™ p )(id ®T7~ 1 ®id) 

= /Lt(id®/x)(id( 2 ) ®M)(id( 2 ) ®5® id)(id (2) ®7, cop )(id ®5® id (2) )(id ®T7 r T 1 ® id) 

= /u(id®/z)(id( 2 ) ®e®id)(id®5® id (2) )(id ®r® id)(id ®7^ 1 ® id) 

= (id ® fi) (id ® 5® id) (id ® e® id (2) ) (id ®7~ 1 ® id) 

= /z(id ®/x) (id ®5® id) (id ®^® id) (id ®5® id (2) ) 

where we use the definitions of 5 and 5. As a consequence we obtain the relation 

(4.15) n(S® id)r = 5/i(5® id) 

where both sides are viewed as maps from if® if into M(H). Choose k £ if such 
that e(fc) = 1. Equation (|4. lf>|l together with the definition of 5 yields the relation 

3(f) = S(f)e(k) = 5^(5® id) 7r (k ® /) = ^(5® id)r 7r (k ® /) 

for all / £ if. This shows that 5 defines a bounded linear map from if to if. 
Replacing if by H cop we see that 5 may be viewed as a bounded linear map from 
if to if as well. Since 5 is an algebra antihomomorphism equation (|4.15J) then 
yields 

M (5®id) = /j(5®55) 

and hence 

/i(^®id)(id®5® id) = id) (id ®5®55). 

Since /x(id®5) = (id®e)p~V by the definition of 5 we get 55 = id. Analogously 
one obtains SS = id. Equation (|4.14|) and equation (|4.12|) yield 

/^(5®id)7 r = e®id, /u(id®5)p; = id®e 
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as desired. Moreover these equations determine the map S uniquely. 

Let us show that S is a coalgebra antihomomorphism. Since A is an algebra ho- 

momorphism we have 

7 r id) = (id®u)(A®id)Gu®id) 
= (id ®/i) (M(2)<8 id) (A® A® id) 
= (id®//)(7/®id)(id®7 r ) 
and using equation Ij4.1|l we get 

(4.16) (//®id)(id®7~ 1 ) = (id®//)^ -1 ® id) (7/® id). 
According to lemma l4~51 equation (|4.6(l and the definition of S we have 

(/i(t)id)(id(g)7 I T 1 ) = (//(g) id) (pf 1 ® id) (id g^" 1 )(#<§> id) 
= (id®e(g)id)(id(g)77 :L )(p;«)id) 
= (id®/x)(id®,S®id)(/9i®id). 
Together with equation (|4.16|l we obtain 

(4.17) 7 - 1 7i = (id<§»5)/»j 
and equation (|4.17(l applied to H cop yields 

(4.18) 7 r 1 7r = {lr° P r 1 TT 1 C l ° P = (id®^ 1 )^ = (id ® S~ 1 )rp r . 

Equations Ij4.17jl and l|4.18(l imply 

(4.19) Pr {S®S) = {S® i&)tpY\S® id). 
According to the definition of S and equation l|4.4|l we have 

(/x® id)(id®S® id)(id®7 r )(p/® id) = (/i® id) (id ®S"® id)(p ; ® id) (id ®7 r ) 
= (id®e®id)(id® 7r ) = (id®/z) 

and hence 

(id ®u) (pT" 1 ® id) (t® id) (id ® S® id) 

= (/x® id) (id ® 5® id) (id ® 7r ) (r® id) (id ® 5® id) 
= (/x®id)(S®£®id)(id®7 r )(r®id) 
= (5® id) (/x® id) (t® id) (id ®7 r ) (r® id) 
= (id®At)(5®id( 2 ))(7i®id) 
since S* is an algebra antihomomorphism. Consequently we obtain 

(4.20) (5<§)id)7j = p^iS&id)^ 
Equations (|4. and l|4.2Q(l yield 

p r {S®S)T = (S'®id)Tp i - 1 (S'®id)T 

= (S , ®S')(id®S'- 1 )rp ; - 1 (S'®id)T = (5®5)T7; 
and using that S 1 is an algebra antihomomorphism we get 

(id®M° p )(A®id)(S®id)(id®S) = (id®p)(id®r)(A® id)(S®S) 
= (id®p)(r® id)(id®A)r(5®5) 
= p r (S'®S , )r 
= (S®S)r 7/ 

= (£®S)(id®/z)(r®id)(A®id) 
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= (S® id) (id ®/z) (id ®S®S) (id ®r) (rig) id) (A® id) 
= (id ®u) (id ®r) (S®S®S) (r® id) (A® id) 
= (id ®/i op ) (5® 5® id) (r® id) (A® id) (id ®5) . 

This implies 

AS = (S®S)tA 

and shows that S is a coalgebra antihomomorphism. Of course S^ 1 is a coalgebra 
antihomomorphism as well. We have thus shown that there exist unique maps S 
and e with the desired properties. This finishes the proof. □ 
Recall that a morphism of bornological quantum groups is an essential algebra 
homomorphism a : H — > M(K) which is also a coalgebra homomorphism. 

Proposition 4.7. Every morphism a : H — > M(K) of bornological quantum groups 
is automatically compatible with the counits and the antipodes. 

Proof. Note that the Galois maps associated to the comultiplication of H extend to 
bounded linear maps from M(H)®M(H) into M(H®H). Moreover observe that 
the relation (e® id)7 r = /.i obtained in equation (|4.4|l still holds when we consider 
both sides as maps form M(H)®M(H) to M(H). 

Since a : H — > M(K) is an algebra homomorphism and a coalgebra homomorphism 
we have 

(4.21) j r (a®a) = (a®a)j r 

where both sides are viewed as maps from H®H into M(K<S)K). Hence we obtain 

(e® id)(a®a)7 r = (e® id)7 r (a®a) = fi(a®a) = afj, = (e®a)7 r 

where all maps are considered to be defined on H®H with values in M(K). We 
conclude 

(ea)®a = e®a 

because j r is an isomorphism. Since a is nondegenerate this shows ea = e which 
means that a is compatible with the counits. 

The arguments given in the proof of theorem 14.61 show that the inverses of the 
Galois maps of H can be described explicitly using the antipode S and its inverse. 
It follows that these maps arc defined on M (H)®M (H) in a natural way. 
With this in mind and using 

(/z® id) (id ®p r )(id ®^® id) (id ®t® id)(p/® id (2 ) ) 

= M(2)(id( 2 ) ®M(2))(id(2) ®A®A)(id ®r®id) 

we compute on H®H®M(H)®H 

Ou®id)(id®^®id)(id (2) ®7r _1 ) = (m® id)(^® id (2) )(id (2 ) 

= (/x® id) (id ®7 r _1 )(id ®e® id (2) )(p/® id (2) ) 

= (/i® id) (id ®7 r T 1 ) (id ®r) (id ®fi® id) (id ® S® id (2) ) 

(id ®7 r ® id)(id( 2 ) ®r)(p ; ® id( 2 )) 

= (/i® id) (id ®7 I T 1 ) (id ®r) (id ®^® id) (id ® S® id (2) ) 

(p ; ® id (2) )(id®7 r ® id)(id (2 ) ®r) 

= (/i®id)(id( 2 ) ®S)(id®/9 r )(id®S _1 ®id)(id®/z®id) 

(id ®S® id( 2 ))(p/® id( 2 ))(id ®7 r ® id)(id (2 ) ®r) 

= (id ®S) (/j® id) (id ®p r ) (id ®p® id) (id ®t® id) 

(Pi®id(2))(id( 2 ) ®S , ~ 1 ®id)(id®7 r ®id)(id (2 ) ®r) 
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= (id<g>S)/i( 2 )(id( 2 ) <8>/i(2))(id( 2 ) <8> A(g A) (id <g>T<gi id) 

(id( 2 ) (XiS"" 1 ® id)(id ®7 r ® id)(id (2 ) ®r) 
= (/i(8)id)(id (2 ) 8>M)(id(2) (giSig^Xidp) ®r)(id ®T<g> id)(id (2) ®/i (2 )) 

(id( 2 ) ®A<g>A)(id (g>T<g) id)(id (2 ) (g^ -1 ® id)(id <g7 r (g) id)(id (2 ) ®r) 
= (/x®id)(id( 2 ) ®M)(id(2) id)(id<g)/x (2 )®id)(id®A<g)A®id) 

(id( 2 ) (g)r)(id <§>7 r <8> id)(id( 2 ) ®t) 
= (^(g)id)(id(g)77 1 )(id(8)/u(giid)7^ 4 . 

This yields 

(^®id)(id(t)7~ 1 ) = 7^ 1 (^(t)id)7,t 3 
on H®M(H)®H which in turn implies 

(4.22) (^®^) (id 1 <8) id) = 7,T 1 (m® id)7 r 13 (id (2) <8>/i) 

if both sides are viewed as maps from H($M(H)(kM(H)(&H into H®H . Moreover 
we have 

7 r (/U(%t)(id(g>a(§>ai(g>id) = (id (g>/i) (id( 2 ) (g>/i) ( A(g> id( 2 ) ) (/i<8> id( 2 ) ) (id (giatgta® id) 
= (id <g)/x) (id( 2 ) ®/u) (/Z(2) ® id( 2 ) ) (A® A® id( 2 ) ) (id (giaigiaigi id) 
= yU( 2 )(A(g>id(2))(id(2) (8)M)(id( 2 ) <S>/x<8> id) (id <g>a(g>a;(g>a(g> id) (id (gA(g> id( 2 ) ) 
= /i( 2 )(A(g>id(2))(id(2) ®/u)(id (g>a<8>a<g> id) (id %>j r ® id) 
= (^(g)id)7^ 3 (id( 2 ) i8)ju)(id(8)a(8)a(8)id)(id(87 r (8)id) 
as maps from K®H®H®K into K®K which yields according to equation (|4.22|l 
(/z(g>^)(id ®a®a® id) = 7,T 1 7,.(/x&)^)(id ®a(g>a€5 id) 
= 7 i r 1 (M ( 8) id)7^ 3 (id( 2 ) (id ®a<i>a!® id) (id ®7 r ® id) 
= (/i®/i) (id (8177 1 ® id) (id ®a(§ia® id) (id ®7 r ® id) 

and we deduce 

(4.23) 7 i r 1 (a«)a) = (a®a)7^ 1 . 

Note that this assertion does not immediately follow from equation H4.21[l since the 
map 7" 1 is not defined on the multiplier algebra M(K®K). 
Now remark that the relation 

/u(>S<8> id) = (e<g)id)7 j r 1 

still holds if both sides are viewed as maps from M \H)®M (H) into M(H). Using 
this observation we obtain the relations 

/j,(S®id)(a®a) = (e^id)j~ 1 (a<S>a) 

and 

0^(5® id) = (e®a)7,T 1 . 
These equations, together with the fact that a is compatible with the counits and 
equation l|4.23|) . yield 

n(aS®a) = a/x(5<8> id) = (e(8)id)(a®o;)7~ 1 = (e<3 id) j^ 1 (a<3a) = (x(Sa®a>). 

Since a is nondegenerate it follows that the maps aS and Sa coincide. Remark that 
we also have aS^ 1 — S~ 1 a. In other words, a is compatible with the antipodes. 
This finishes the proof. □ 
Proposition ^. 71 implies in particular another relation between the antipode and the 
counit in a bornological quantum group H. More precisely, we have eS — e and 
eS^ 1 = e since S : H — ► H opcop is an isomorphism of bornological quantum groups. 
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5. Modular properties of the integral 

In this section we discuss modular properties of the Haar functional on a bornolog- 
ical quantum group. The results are parallel to the ones for algebraic quantum 
groups. 

Let if be a bornological quantum group. If cp is a left invariant functional one can 
show easily that S((p) is right invariant where S((f>)(f) = <p(S(f)). In particular, 
there always exists a faithful right invariant functional on if. 

Proposition 5.1. Let H be a bornological quantum group and let <p and ip! be faithful 
left and right invariant functionals on if , respectively. There exists a bornological 
isomorphism v of if such that 

1>(hf) = 4>(hv{f)) 

for all f,h€ if. 

Proof. Choose c £ if with <p(c) = 1. Using invariance we obtain 

1>(hf)<Kc) = (#^)(A(/!)A(/)(l ® c)) = (V®0)((1 ® /i)r 7 - 1 (A(/)(l ® c))). 
If we set 

v{f) = ft/>® id)r 7 - 1 (A(/)(l ® c)) - (^idjr^Hy ® c) 

we thus get ip{hf) = <K^K/)) for all /, /i € if. Remark that we also have VK/) = 
<j)(v(f)) for all / € if . In a similar way one shows that there is a bounded linear 
endomorphism A of if such that ip(hX(f)) — <p(hf). Since <f> and ip are both faithful 
we deduce that the maps v and A are inverse to each other. □ 

Proposition 5.2. Let H be a bornological quantum group. Then the left Haar 
functional (p on H is unique up to a scalar. 

Proof. Let <p\ and <p2 be faithful left invariant functionals and let ip be a faithful 
right invariant functional. We may choose f\ and g such that ip(gfi) = 1. By 
proposition (|5.1|l there exist k and /2 such that (pi(hfi) = ip(hk) = ^2(^/2) for all 
ft S if. Consider the element ® h)A(g)). Multiplying this element with /1 

and /2 on the right and applying ip®(p\ and ip®4>2, respectivly, yields 

iP(gfi)Mh) = (^^((l ® ft)A( 5 ))(l ® /1)) 

and 

i>(9h)Mh) = (i>®fo)(pi\(l <8 h)A(g))(l ® / 2 )) 
using invariance. According to the choice of /1 and / 2 this implies <pi(h) — 
ip(gf2) <p2 (h) for all h 6 if and yields the claim. □ 

Proposition 5.3. Let if be a bornological quantum group. There exists a unique 
bounded algebra automorphism a of if such that 

<t>{fg) = <KM/)) 

for all /, g S if. Moreover <p is invariant under a. 

Proof. Let ^ be a faithful right invariant functional on if. Using the relation 
(ip® id)7 r = ^® id and equation (j4.17|) we get 

(5.1) Sty® id)pi = S'(V>®id)(id(8> 1 S'" 1 )7 r " 1 7 / = (^(giid)^. 
Similarly, using (id <E)(p)ji = (id ( £>4>) T an d equation (|4. lHfl we obtain 

(5.2) S(id®0)7r = S , (id(8)0)7;T(S'" 1 ®id)p I . = (id ®*p)p r . 
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Due to equation (|5.1I) and equation (|5.2() we have 

{ip®<t>)((h <g) x)(i&®S)&{y)) = c/>(xS(ipt§ id) pi{h®y)) 
= (f)(x(ip® id)ji(h <g> y)) 
= ® x)A(h){y ® 1)) 

= -0((id ®4>)p r {x <S> 
= V(5(id®^)7 r (i ® 
= (V'(8)0)(S , «)id)(A(a;)(y <g> /i)). 

If we set 

/ = (^®id)((S(g>id)A(>)(y ®1)) = (>® id)(S(g>id)7iO ® y) 

and 

y = (id®0)((l ®a;)(id<§>S)A(y)) = (id (g^S -1 ® id)rp/(id (8)5) (x ® y) 

this means ip(hg) = <fi(fh) for all h € H. Choosing c such that ■ip(c) — 1 we see 
that the formula 

r)(f) = (id®0)(5- 1 ®id)Tp ; (id®5) 7; - 1 (5- 1 ®id)(c®/) 

defines a bounded linear endomorphism rj of H such that 

cf>(fh) = ^(^(/)) 

for all h £ H. Using the map ^ obtained in proposition 15 . II we deduce that a = vr\ 
is an endomorphism of H such that <fi(fh) = c/)(ha(f)) for all f,h 6 H. A similar 
argument shows that the map a is a bornological isomorphism. 
Uniqueness of a follows from the faithfulness of 4>. Let us show that a is multiplica- 
tive. We compute 

^(ha(f)a(g)) = <f>(gha(f)) = tftfgh) = <P(ha(fg)) 

for all f,g,h £ H which yields the claim since (j> is faithful. The last assertion 
follows from the relation 

<K/s) = 4>(g<r(f)) = 4>W/M<?)) = 4>{<j{Jg)) 

for all f,g £ H and the fact that H ■ H is dense in H . □ 
Let tjj be a right Haar measure on If. Then S(ip) is a left Haar measure and we 
obtain 

^(S(f)S(gj) = S(i>)(gf) = Sma-\f)g) = ^(g^Sa^S-^Sif))) 
for all f,g £ H and thus 

i>(fg) = ^(gp(f)) 

where p = Serbs' -1 . If we also consider S' -1 ^) and use proposition 15.21 we get 
p = S~ 1 cr~ 1 S which yields the relation 

S 2 a = crS 2 

for the automorphism a. 

Next we shall introduce the modular element of a bornological quantum group. 

Proposition 5.4. Let H be a bornological quantum group. There exists a unique 
multiplier S € M(H) such that 

fo®id)A(/) = #/)J 

for all f € H. 
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Proof. For every / £ H we have a multiplier Sf defined by Sf = (eft® id)A(/). We 
have to show that Sf = <fi(f)5 for some 5 £ M(H). Remark that S is uniquely 
determined by this equation. For any element g £ H the functional </> s given by 

^(/) = (^)(l®5)A(/)) = ^/) 

is easily seen to be left invariant. According to proposition 15 . 21 there exists a scalar 
\ g depending on g such that 4> g {f) = \ g <fi(f) for all / £ H. This implies 

<t>(g5 f )<t>(h) = XgWMh) = (t>(gS h )cj>(f) 

for all f,g,h £ iJ. Hence <fi(g(S f(j>(h) — Sh<j>(f)) = for all g £ H. Inserting 
g = xy and using that <p is faithful we get y{5f(f){h) — 8h4>{f)) = for all y £ H. 
Multiplying this equation with z from the right we obtain (Sf(f>(h) — Sh4>(f))z = 
for all z e H. Hence the multipliers 5f(j>(h) and Sh4>(f) are equal. Choose h £ H 
satisfying 4>(h) = 1 and set 8 — 5h- Then we obtain Sf = <p(f)8 for all f £ H as 
desired. This yields the claim. □ 
The multiplier S is called the modular element of H . 

Proposition 5.5. The modular element S is invertible and satisfies the relations 

A(5) = S®S, e(S) = l, S(S) = S- 1 . 

Proof. Apply A to the defining formula in proposition 15.41 to obtain 

(j)(h)A(S) = 0®id®id)(id<g)A)A(/i) = 5® ((f>®id)A(h) = <j)(h)S®S. 

Choosing h such that 4>(h) = 1 yields the first equation. Similarly, the relation 
e(5) = 1 follows by applying e to the formula (4>(8> id)A(/) = 4>{f )S. To prove the 
last relation observe that we have 

e(h)e(S)f = (i(S® id)(A(M)(l ® /)) = fi(S® id)(A(h)(S Sf)) = S(S)e(h)5f 

which implies / = S(S)Sf for all f £ H . By faithfulness of the multiplication we 
obtain / = fS(S)S for all / £ H as well and hence S(S)S = 1. Similarly one obtains 
SS(S) — 1 which shows that S is invertible with inverse S(S). □ 
Observe that we also have S^ 1 (S) = 5 . If ip is a faithful right invariant functional 
then the formula 

(id^At/)^/)^ 1 
describes the corresponding modular relation. This follows from proposition 15.41 
and proposition 15. 51 using the left invariant functional <p = S(ip). 

6. Modules and comodules 

In this section we discuss the concepts of an essential module and an essential 
comodule over a bornological quantum group. 

We begin with the notion of an essential module. Actually, the definition of essential 
modules over bornological algebras was already given in section |3J 

Definition 6.1. Let H be a bornological quantum group. An essential H -module 
is an H-module V such that the module action induces a bornological isomorphism 
H®hV = V. A bounded linear map f : V — ^ W between essential H -modules is 
called H -linear if the diagram 

H®V *■ V 

id®/ / 

H®W 



is commutative. 
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If ff and the ii-module V carry the fine homology, then V is essential iff HV = 
V. This follows easily from the fact that if has an approximate identity in this 
case. Modules satisfying the condition HV = V are called unital in 0]. Hence 
unital modules over an algebraic quantum group are essential. 
We denote the category of essential ff-modules by ff -Mod. By definition, the 
morphisms in ff -Mod are the bounded if- linear maps. We will also speak of if- 
equivariant maps or ii-module maps instead of ff -linear maps. 
There are some basic constructions with essential modules. The direct sum of a 
family of essential ff-modules is again an essential if-module. Using the quantum 
group structure of if one obtains a tensor product in ff -Mod. More precisely, let 
V and W be essential ff-modules. As in the proof of lemma one obtains that 
there is a natural isomorphism 

V®W £ [H&H)& H & H V&W 

of ffcgiff-modules. Moreover H®H can be viewed as an essential ii-module using 
the comultiplication. The ii-module structure on VcliVF is defined by the map 

H® H {V®W) £ H® H {H®H)® H ^ H V®W S (H®H)® h ^ h V®W S v®w 

which shows at the same time that is again an essential ii-module. Remark 

that the trivial one-dimensional ii-module C given by the counit e behaves like a 
unit with respect to the tensor product. 

Dually to the concept of an essential module one has the notion of an essential 
comodule. Let if be a bornological quantum group, let V be a bornological vector 
space and let Horny (if, V®H) be the space of bounded right ii-linear maps from if 
to V®H. A coaction of if on V is a bounded linear map n : V — > Hom# (H, V®H) 
which is colinear in the following sense. By adjoint associativity, the map r\ can 
equivalently be described as a bounded ii-linear map V®H — > V®H. Then 77 is 
said to be if -colinear if the latter map is an isomorphism and satisfies the relation 

(id(g)7 r )77i2(id(g)7 i r 1 ) = 7712^13 

where both sides are viewed as maps from V®H®H to itself. 

Definition 6.2. Let if be a bornological quantum group. An essential H-comodule 
is a bornological vector space V together with a coaction rj : V — > Homjy (ff, V®H). 
A bounded linear map f :V — > W between essential comodules is called H-colinear 
if the diagram 

V®H V®H 
W®H W®H 

is commutative. 

We write Comod- ff for the category of essential comodules over H with if - 
colinear maps as morphisms. More precisely, we have defined right comodules. 
There are analogous definitions for left comodules. Let us point out that corepre- 
sentations and comodules in the framework of multiplier Hopf algebras have been 
discussed in detail in |5S|. [TU| . 

The most elementary example of a coaction is the trivial coaction r of ff on V. 
The map r : V — > Horny (ff, V®H) is given by r(v)(f) = v <g> /. Equivalently, the 
linear map V®H — ► V®H corresponding to r is the identity. 

As in the case of essential modules, there exists a tensor product in the category of 
essential comodules. Assume that rjv ■ V®H — > V®H and rjw ■ W®H — > W®H 
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are essential comodules. Then the tensor product coaction rj v ^ w is defined as the 
composition 

V®W®H ^^V®W®H —^V®W®H 

It is clear that rj v ^ w is a right //-linear isomorphism and a straightforward calcu- 
lation shows that it is indeed a coaction. The trivial coaction on C behaves like a 
unit with respect to the tensor product of comodules. 

An important example of a coaction is the regular coaction of H on itself given 
by the comultiplication A : H — > M(H®H). More precisely, the regular coaction 
is the map from H to FIom#(//, H®H) corresponding to the Galois map 7r . The 
relation 

(id® 7r ) 7r 12 (id® 7r - 1 ) = 7r 12 7r 13 
is easily verified. Let us remark that rewriting this equation in the form 

„,23„,12 „,12 13 23 
it Ir Ir Ir Ir 

yields the pentagon equation of the Kac-Takesaki operator P . 
Consider the special case that the bornological quantum group H is unital. Then 
there is a natural isomorphism Hom# (H, V®H) = V®H and a coaction is the 
same thing as a bounded linear map 77 : V — > V®H such that (p® id)p = (id ®A)p. 
That is, for unital bornological quantum groups the notion of a coaction is very 
similar to the concept of a coaction as it is used in the theory of Hopf algebras. 
For later use we give the following definitions. An essential //-module P over 
a bornological quantum group H is called projective if for every //-linear map 
7r : V — > W with bounded linear splitting a : W — > V and every //-linear map 
£ : P — * W there exists an //-linear map C : P —> V such that 7r£ = £. In this 
case we say that P satisfies the lifting property for linearly split surjections of H- 
modules. In a completely analogous way one defines the notion of a projective 
essential ZZ-comodule. 

We conclude this section by studying the functoriality of essential modules and 
comodules under morphisms of quantum groups. Let a : H — > M(K) be a mor- 
phism of bornological quantum groups. If A : K®V — > V is an essential Jf-module 
structure on V then a* (A) is the //-module structure defined by 

H®V M(K)®V -^-^ M{K)®K® K V K® K V V 

and it is easy to check that V becomes an essential //-module in this way. This 
construction is evidently compatible with module maps and thus yields a functor 
a* : K -Mod — > //-Mod. A similar functor is obtained for right modules. 
Conversely, let r\ : V®H — > V®H be an essential //-comodule. We define a bounded 
linear map a^irf) : V®K — > V®K by the commutative diagram 

V®K V®K 



V®H® H K >■ V®H® H K 

where we use that r\ is right //-linear. It is evident that a* (77) is a right /^-linear 
isomorphism and one checks that the relation 

(id® 7r )a*(??)i2(id(8) 7 7 1 ) = a* (77) 12 a* (7?) 13 

is satisfied. Hence a* (77) defines a coaction of if on V. This construction is compat- 
ible with comodule maps and yields a functor a* : Comod- H —* Comod- K. Again, 
there is a similar functor for left comodules. 
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7. The dual quantum group and Pontrjagin duality 

In this section we construct the dual quantum group H of a bornological quantum 
group H. Moreover we prove the analogue of Pontrjagin duality in the context of 
bornological quantum groups. Unless further specified we assume that <j> is a left 
Haar functional on H and we let tjj be any right Haar functional. 
Using the invariant functional <fi we define bounded linear maps Ti and T r from H 
into the dual space H' = Hom(H, C) by 

F l {f){h) = <t>{hf), F r (f)(h) = <t>{fh). 

Similarly, we obtain bounded linear maps Qi and Q r from H into H' by 

Gi(f)(h)=^(hf), g r (f)(h) = ip(fh) 

and all these maps are injcctivc by faithfulness. Using notation and results from 
section [3] we obtain the following statement. 

Proposition 7.1. Let H be a bornological quantum group. Then 

F r {f) = FMf)), Gl(f) = W/)), Qr(f) = QlW)) 
for all f £ H. 

Due to proposition the images of the maps Fi, J~ r ,Gi,G r in H' coincide. Let 
us write H for this space. Moreover, since the maps a, v and p are isomorphisms 
we may use any of them to define a unique bornology on H by transferring the 
homology from H. We will always view if as a bornological vector space with this 
bornology and hence the maps !Fi,!F r ,Gi,G r yield bornological isomorphisms from 
H to H . In particular, the space H satisfies again the approximation property. 
We say that a bounded bilinear map b : U x V — ► W is nondegenerate if b(u, v) = 
for all u £ U implies v — and b[u, v) = for all v G V implies u = 0. Since if is a 
regular bornological vector space the canonical pairing between H and H' given by 
(/, uo) — uj(f) is nondegenerate. By construction of the space H there is an obvious 
injective bounded linear map H — > H' and we have a nondegenerate pairing be- 
tween H and H as well. The latter may be extended naturally to a pairing between 
M (H) and H which is again nondegenerate. There are similar constructions for 
tensor powers of H and H. 

In order to obtain a quantum group structure on H our first aim is to define a 
multiplication. Consider the transpose map A* : M(H®H)' — > H' of the comulti- 
plication given by 

A»(/)=w(A(/)). 

According to the previous remarks, H®H can be viewed as a linear subspace of 
M{H®H) and A* restricts to a map H%)H — > if'. We shall show that the latter 
actually yields a bounded linear map H®H — > iJ. In order to do this we define a 
bounded linear map m : H®H — > H by 

m{f®g) = (id^) 7/ - 1 (/«)(7). 

Transferring this map according to the isomorphism Ti : H — > H we obtain a 
bounded linear map /t : H®H H which we call the convolution product. One 
computes 

(id ®n) (n® id( 2 ) ) (S<8> id (3) ) (id ® A® id) (^ (2) ® id) (A® id (3) ) 

= (/x<8> id) (5(g) id (2 ) ) (id (id ®A<8> id) (/x (2 ) ig) id) (A® id (3) ) 
= {p® id) (5® id( 2 ) ) (//® id (2 ) ) (r® id (2 ) ) (id ®7 r ® id) 

(id<g>T<g>id)(id(2) (87 r ) (id (gir® id) (id( 2 ) ®7r)(r(8 id( 2 )) 
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= (p® id) (p® id (2 ) ) (S®S® id (2 ) ) (id <8>7 r <8 id) 

(id(8>r<8)id)(id(2) (g>7 r )(id ®t<8) id)(id( 2 ) ®7 r )(T® id( 2 )) 
= (/i<8 id) (5® id (2 ) ) (id ®p® id) (id ®S® id (2) ) (id ®7 r ® id) 

(id(g)T(g)id)(id(2) <g)7 r )(id ®t<8> id)(id( 2 ) <8>7 r )(r(g) id( 2 )) 
= (/i<8 id) (5<8 id (2 ) ) (id <8>e® id (2) ) (id ®<r<8) id) 

(id( 2 ) <8>7r)(id<g>T(g> id)(id (2 ) <8>7 r )(T(g) id (2 )) 
= (/i(g)id)(5(g)id(2))(id(2) ®e<8>id) 

(id (2 ) ®7 r )(id®r(g) id)(id( 2 ) <8>7 r )(T(g) id (2 )) 
= (/i(g)id)(id( 2 ) (g) / u)(S'(g)id(3))(id(g)T(g)id)(id( 2 ) ®7 r )(r® id( 2 )) 
= (id (/i® id( 2 ) ) (S 1 ® id( 3 ) ) (id (g)p r (g) id) (r(g) id( 2 ) ) . 

We conclude 

(7.1) ( J u®id)(5 , ®id (2 ))(id(g)A)^ (2 )(A(g)id (2) ) = (p® id) (5(g) id (2) )(id ®p r )(r® id). 
Moreover we have 

r(/i(g)id)(id(8)7 / " 1 ) 

= r(p® id)(id (2 ) ®n)(id( 2 ) <g)5 _1 ® id)(id(g>T(gid)(id(gjA<g)id)(id ®t) 
= t (id (8yz) (id ®S~ 1 <g> id) (rig) id) (p r ® id) (id ®t) 
= (p® id) (r® id) (id ®S~ 1 ® id) (id ®p r )(T® id) . 
Hence we compute using invariance 

pi^df) ® Ti(g))(h) = ^(mif ® g))(h) = (cj>®<j>)(p®id)(id®jf 1 )(h®f®g) 
= ((j)®<j>) (p.® id) (r® id) (id ®5 _1 (g) id) (id ®p r ) (r® id) (h® f ®g) 
= {(j>®4>) (5 _1 ® id) (/i® id) (5(g) id (2) ) (id ®p r ) (r® id) (h® f ®g) 
= (<A®0)(5 _1 ® id)(/Lt<8) id) (5(8) id (2) )(id ®A)/i (2) (A® id (2) )(/i ® f ® g) 
= (0®^)M(2)(A(gid (2 ))(/i(g/(g)5) 
= A*(^(/)®^(5))W 
and deduce that /} can be identified with A*. Using this statement one calculates 

A(£®id)(W) ® W ® - (£(W) ® ^(5))®^)(A(x)(l ® ft)) 

= (W)®^(0)<8<£)((A® id)A(a;)(l ® 1 ® /i)) 
= (0(g)0(g)0)((A(g) id)A(z)(/ ®g®h)) 
= {(j}®4>®(j)){{id®A)A(x)(f ® g ® h)) 
= {^®^i(g)®^i{h)){{id®A)A(x)(f ® 1 ® 1)) 
= (<P®p(fi(g) ® ^(h)))(A(x)(f ® 1)) 
= p(id®p)(Ti(f)®Ti(g) ® Ti{h)){x) 

which means that the convolution product p is associative. Hence H is a bornolog- 
ical algebra with convolution as multiplication. According to the above considera- 
tions we have 

(7.2) KHf)®^)) =mn®<t>hr 1 (f®9)) 

and an analogous calculation yields the formula 

(7.3) p(g r (f)®g r (g)) = g r ((ip® id) P - 1 (f®g)) 
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for the multiplication in H. Actually, equation (|7.3() may be obtained directly from 
the previous discussion applied to H opcop . 

For later use we shall extend the multiplication of H in the following way. According 
to equation (|4.18|l and the fact that <fi is left invariant we have 

(7.4) (id®0)7 r = (id<g>0)7iT(S _1 ®id)p r = (id ®0)(S _1 <g> id)p r . 
Using this observation we define a bounded linear map pi : H'®H —> H' by 

(7.5) fa(u ® Fi{f)){x) = {uj®4>)~i r {x ® f) = (u®(j))[S~ 1 ®id)p r (x ® f). 

Inserting uj = e we see that pi(u> <g> Ti{f)) = for all u> implies / = 0. Conversely, 
assume fii(ui ® Ti{f)) — for all / e H. Then we have (LO®4>)j r (h ® /) = for 
all h, f G H and since 7 r is an isomorphism this yields u) — 0. Hence /t; defines a 
nondegenerate pairing. 

Similarly, according to equation (|4.17() we have 

(7.6) (tp® id)p; = (ip® id) (id SbS^h'S = (-0® id) (id ®S' _1 )7i 
and we define p r : H®H' — » iJ' by 

(7.7) £ r (&(/)®w)(a;) = (ip®w)pi(f ® x) = (ip®oj)(id®S- 1 )>yi(f <g> x). 

As above one sees that the pairing given by p, r is nondegenerate. If restricted to 
H®H the maps pi and /t r are equal to the multiplication map p. Moreover it is 
straightforward to check that the maps pi and p r are associative whenever this 
assertion makes sense. In the sequel we will simply write p for the maps pi and p, r , 
respectively. 

Using the definition of the modular automorphism a we obtain 

(id®(p) p r (f ®x) = (id®</>)7 r (x ® cr(/)) 
and together with equation lj7.4|l this yields the formula 

(7.8) /x(cj (8) J> (/))(») = (u®<p)p r (f ®x) = (u;®(p)(S® id)7 r (/ <g> x) 
for the multiplication /t. In a similar way we obtain 

(7.9) p{Qi{f) ®lu)(x) = (t/)®o;)7i(x® /) = {ip®u)(id®S)pi{x ® f) 
using equation (jT.fjf) . 

Our next aim is to show that H is a projective module over itself. In order to do 
this we study the regular coaction of H on itself given by j r . 

Proposition 7.2. The regular coaction of a bornological quantum group H on itself 
is a projective H-comodule. 

Proof. Choose an element h 6 H such that <p(h) = 1 and define v : H — > H®H by 

v(f)=1i{h®f). 

Then we have 

(id = (id ®0) 7 ^ ® /) = = / 

for all / G H since is left invariant. Hence the map v satisfies the equation 

(7.10) (\d®(p)v = \d. 
Let us moreover define A : H — ► H®H by A = 7 r T 1 ^. 

Now assume that 7r : U — > W is a surjective map of _ff-comodules with bounded 
linear splitting a and let £ : — * 1U be an ii-colinear map. We define £ : H — » V 
as the composition 

A * crj® id ijy „ idg)0 

H >■ H®H ^V®H ^V®H 
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where r\y is the coaction of V. 

Let us check that C is Zf-colinear. Using equation (|4.17(1 we obtain 

(77 1 ®id)(7;(g>id)(id«)7 r ) = (id (8)5® id)(p/® id) (id (87,.) 
= (id®S"® id)(id®7 r )(p/®id) 

= (id ® S® id) (id ®j r ) (id ®S~ 1 ® id) (7" 1 ® id) (7/ ® id) 

and deduce 

(7.11) (A(g)id)7 r = (id®S'®id)(id®7 r )(id®S , ~ 1 ® id)(A® id). 
Since S is an algebra and coalgebra antihomomorphism we have 

T{S®S)"{ r = Pl {S®S)T 

which yields 

(7.12) (S<8id)7 P (S -1 <8>id) = T(5 , " 1 ®id)p ; (S'®id)r. 
Using equation (|4.18(l and equation 14.2()|l we obtain 

(7.13) p r = {S®id)T~ii x 7r = Pi (S , (giid)7 r . 
Since ryy is right i7-linear we calculate 

J7y(id®p r )(id®p® id) = r7y(id (2) ®p)(id ®t® id)(id (2) ®p r ) 
= (id(2) ®p)?7y 3 (id(g)T(giid)(id(2) ®p r ) 
= (id( 2 ) ®p)(id®r®id)77y (id( 2 ) ®p r ) 
= (id (2 ) ®p)(id®T®id)(id (2 ) ®p r )?7y 
= (id®p r )(id®p,®id)?7y 
= (id®p r )7?y (id®p®id) 

which yields 

r/^ (id® p r ) = (id® p r )7?y 
since is essential. Combining this with equation (f T . 1 H|> implies 

(7.14) (id ®p r )?^r 2 (id (87" 1 ) = J7^ 3 (id®p/)(idd)5(8) id). 
According to equations ( fTTTTft . (f77T5|> . (fTTT^i and fHJ) we get 

(C®id)7r = (id(g)0® id) (?;v® id) (erf® id (2 ))(A(g)id)7 r 

= (id ®</>® id) (?7y ® id) (id ® S(g> id) (id ®7 r ) (id (giS^ 1 ® id) (<rf ® id (2 ) ) (A® id) 
= (id ® id ®0)77y (id ® S~ 1 ® id) (id ®p ; ) (id ®S® id) (id ®r) (erf® id (2) ) (A® id) 
= (id ® id ®0) (id ®S ,_1 ® id) (id ®p r )??y (id ®7~ 1 ) (id ®r) (erf® id (2) ) (A® id) 
= (id ® id ®4>) (id &y r )Vv ( id ^r 1 ) ( id ® r ) 0£® id (2) ) (A® id) 
= (id ® id ^VvVv ( id ® T ) ( CT C® id( 2 ) ) (A® id) 
= T] V (id ®0® id) (ry y ® id) (erf® id (2) ) ( A®> id) 
= w(C® id) 
which shows that C is -ff-colinear. 

Let us now prove that C is a lifting for f . Due to the fact that it is colinear the 
diagram 

erf® id A riv . id ®d> 

H®H ^V®H ^V®H 

n<& id 

H®H ■ z —^W(t>H — '^W®H— 



id 


tt® id 


' £® id ^ 


WW 
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is commutative and moreover we have 

id) = (£<g>id)7 r 

because £ is colinear. As a consequence we get 7r£ = £ since 

(id£g)0)7 r A = (idcg0)j/ = id 

by the definition of A. □ 
Consider the transposed right regular coaction p of H on itself given by p = 7 ; ~ 1 t. 
Since equation l|4.19|l for H op yields 



(7.15) 7 r (S*- 1 ®id) = (S , - 1 ®id) 7 f 1 i 

we see that the transposed right regular coaction p corresponds to the right regular 
coaction j r under the linear automorphism of H given by S" -1 . It follows that 
the map p is indeed a coaction and that the coactions p and "f r yield isomorphic 
comodules. In particular the comodule defined by p is projective due to proposition 

o 

As above let m : H(g>H — > H denote the map corresponding to the multiplication 
of H under the isomorphism Ti . By definition of the right regular coaction we get 

(7.16) m = (id ®0)pr. 

The pentagon relation for the operator 7, cop = tji — p~ l can be written as 

(7.17) p 23 p 13 p 12 = p 12 p 23 

and together with the formula (id (g</>)Tp _1 = (id )7z = (id<g>0)r this shows 
(m(g>id)p 13 = (id(g)id®0)(id®r)(pr(8)id)p 13 

= (id <8 id ®</>) (id (grp -1 )p 12 (t<8> id)p 13 
= (id ® id ®0)(id ®r)(id ®p _1 )p 12 p 23 (r<8) id) 
= (id® id ®</>) (id ®r)p 13 p 12 (rigid) 
= (id <8> id <g><£) (p® id) (id ®r)p 12 (rig) id) 
= p(m ® id) 

which means that the map m is right iJ-colinear if we view H®H as a right if- 
comodule using the coaction p 13 . Since to has a bounded linear splitting we obtain 
a colinear splitting a : H — > H(g)H due to proposition That is, we have 

(cr® id)p = p 13 (cng id) 

which yields 

am = (id(2) (a® id)pr = (id ®</)® id) (pr® id) (id (go - ) = (to® id)(id ®ct). 

Translating this to using the isomorphism Ti we see that there is a .H-linear 
splitting for the multiplication map p if H acts by multiplication on the left tensor 
factor of H(g>H. Using such a splitting it is straightforward to check that H is an 
essential bornological algebra. 
We define a linear form ip on H by 

to(/)) = e(/) 

and compute 

to(/)^G?)) = (e®0) 7 r 1 (/ ® .9) = 

for all f,g £ H which implies that ?/> is faithful since cj) is faithful. Hence the algebra 
H is equipped with a faithful bounded linear functional. We will see below that ip 
is right invariant for the comultiplication of H, however, first we have to construct 
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this co-multiplication of course. 

In order to do this we define a bounded linear map 7r : H®H — > H®H by 

7r(W) ® ^(5)) = (^^)r 7 r 1 (/ ® 5)- 

It is evident that 7r is a bornological isomorphism. Let us show that 7r commutes 
with right multiplication on the second tensor factor. Using the pentagon relation 
(|7.17|) for p and (0<8> id)p = 0<8>id we have 

(id(g)id(g)0)(T(g) id)(7, _1 (g)id)(id ®7f *)(/ ® g ® h) 

= (id (g>0® id)p 13 p 12 (ft <g> 5 <g> /) 

= (id (g)0® id)p 2 W 2 (ft (g) 3 (g) /) 

= (id (g)0® id)p 12 p 23 (/i <g g <g /) 

= (id(g)id®0)(id®7," 1 )(r(g)id)(7 / " 1 ® id)(/ (85(8/1) 

and translating this using the map J-j we obtain 

(7.18) > (id ®/t) = (id ®/})(7r® id) 

as desired. Similarly, we define a bornological automorphism pi of H®H by 

M£r(5) ® &(/)) - {Gr&G^Tp^ig <8 f). 

and using formula Ij7.3|) we obtain 

(7.19) MA®id) = (A® id) (id (8/3; ). 
Due to equation (|7.4|) and equation (|7.6|) we have 

(7.20) 7r (w <g> Ti{g)){x ®y) = (uj<g><j>)(p<g) id) (id tgiS" -1 ® id) (id ®p r )(x ®y®g) 
and 

(7.21) pi{Gr{f) ® u){x ® y) = {^®bj){\d®p)^d®S~ 1 ®\d){^i®\d){f®x®y) 
for all cj G Using equation (|7.5I) and equation (|7.7() we calculate 

(id ®p\){pi®id)(g r {f) ® w ® Fi{g))(x ® y) 

= (ip®w®(f>)(id (S>p<E> id) (id (g)S'" 1 (g) id (2 ))(7/® id (2 )) 

(id (2) id)(id (2) ®p r )(/ ® x ® y ® g) 

= (i/)®w®(/))(id(g)^(8)id)(id(2) (SIS'" 1 ® id)(id (2) ®p r ) 

(id®S _1 <gud( 2 ))( 7 i® id (2) )(/ ® x ® y ® g) 
= (/i®id)(id® 7r )(g r (/) ® a; ® Fi(g))(x®y) 

which yields 

(7.22) (id ®A) (Pi® id) = (A® id) (id <g> 7r ). 
Using the pentagon relation (|7.17H for p we compute 

>(A® id)(^(/) ® ^(5) ® W)) 

= (J r / ®J^)(0(8id«)id)(id(8)T7f 1 )(r 7 f 1 ®id)(/ ® 5 <g> ft) 

= (J r ;(g)J";)(id«)id(g)0)p 12 p 23 (ft,(g.5f(g./) 

= (J ;r / ®J ?r / )(id(8id(80)p 23 p 13 p 12 (/i(8 5 (8/) 

= ( (8)^7 ) (</>® id ® id) (t7~ 1 ® id) (t® id) (id ®>7f 1 ) 

(r® id)(id(gir 7 ," 1 )(/ ® 5 ® ft) 
= (A®id)(r®id)(id(87 r )(r(g)id)(id(87 r )(J c " / (/) (8)^7(5) ®JFz(ft)) 
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which yields 

(7.23) 7 r (/t(g)id) = (p®id)(T®id)(id®j r )(T®id)(id®%). 
A similar computation shows 

(7.24) /3/(id<8>£) = (id®p)(id®T)(pi®id)(id®T)(p l ®id). 
Finally, we have 

(pi® id) (id ® w <g> Fi{g)){x <g> y <g> z) 

= (V>®w(t)(/))(id(g)/i(g)id)(id(2) ®5'~ 1 (g) id)(id (2 ) ®p r ) 

(id id (2) )(id tgiS' 1 ® id (3 ))(7z® id (3) )(/ gia;®!/®^®^) 
= (ip®u}®<f))(id id) (id «)S'" 1 ® id (2 ))(^i® id (2 )) 

(id( 2 ) ®/i(8>id)(id( 3 ) (giS 1-1 ^ id)(id( 3 ) ®p r )(f ® x ® y ® z ® g) 
= (id ®j r )( Pl ® id)(Q r (f) ® uj ® Fi(g))(x ® y ® z) 
according to equation Ij7.2t)|l and equation Ij7.21|l and hence 

(7.25) 03i®id)(id<8>7 r ) = (id®7 r )(pi<g>id). 

Using the properties of the maps 7 r and pi obtained so far we shall construct the 
comultiplication for H according to the following general result. 

Proposition 7.3. Let K be an essential bornological algebra satisfying the approx- 
imation property equipped with a faithful bounded linear functional. If j r and pi are 
bornological automorphisms of K®K such that 

a) 7 r (id®^) = (id®At)(7r® id) 

b) 7 r (/i®id) = (^®id)(r® id)(id®7 r )(r® id)(id<g)7 r ) 

c) pi(p® id) = (p®id)(id®pi) 

d) pi(id®p) = (id ® p) (id ®r)(pi® id) (id ®t)(pi® id) 

e) (id ®p)(pi® id) = (p<g>id)(id®j r ) 

f) (pi® id) (id ®j r ) = (id ®-f r )(pi® id) 

then there exists a unique comultiplication A : K — ► M(K®K) such that j r and pi 
are the associated Galois maps. 

In addition, if there exist bornological automorphisms ji and p r of K®K such that 

g) (p® id) (id ®t) (7/ ® id) = 7/ (id ®p) 

h) (id ®p) (7/® id) = (^®id)(id(g)r)(7 r ®id)(id®r) 

i) (id ®p)(t® id) (id® p r ) — p r (p® id) 

j) (p® id) (id ®p r ) = (id ®p)(t® id) (id ®pi)(r® id) 

then these maps are the remaining Galois maps. In particular all Galois maps are 
isomorphisms in this case. 

Proof. Using condition a) it is straightforward to check that 

/i (2 )(Ai<g)id(2)) = (M®id)(id®r)(7 r <g)id)(id<g)T) 

defines a bounded linear map A; : K — > Mi(K®K). According to condition b) the 
map A/ is actually a homomorphism. Similarly, 

M(2)(id( 2 ) «A r ) = (id®M)(T®id)(id®p/)(T(g)id) 

defines a homomorphism A,. : K — ► M r (K®K) due to conditions c) and d). Con- 
dition e) ensures that these maps combine to an algebra homomorphism A : K — > 
M(K®K). It is straightforward to show that j r and pi are the corresponding Ga- 
lois maps. Moreover A is uniquely determined by these maps. 
We have to prove that the homomorphism A is essential. Let us show that the 
natural map K®k(K®K) — » K®K is an isomorphism where the module structure 
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on K®K is given by A. Since K is essential we have K®kK = K and we can 
identify the source of the previous map with K®k(K®(K®kK)) in a natural way. 
It is easy to check that 7* 3 descends to a bounded linear map 

£ : K® K (K®{K® K K)) -» (K® K K)®{K® K K) 

and the composition of £ with p®p can be identified with the map we are interested 
in. Hence it suffices to show that £ is an isomorphism. Consider the maps p and q 
defined on the six-fold tensor product of K with itself by 

p = p® id®p® id — (id <8>/i<8> id( 2 ))7r 4 (id(4) <8>m) 

and 

q = p® id ®p® id — id (gi/x® id £g>/x. 

The source and target of £ are the quotients of K® A by the closure of the image of 
p and q, respectively. Using conditions a) and b) it is straightforward to verify the 
relation 

qn = 7, 13 p 

where k is the bornological automorphism of K® 6 defined by 

K = (id (2) ®r(g)id (2 ))7 r 13 7, 23 (id (2 ) ®t® id (2) ). 

This relation shows that £ is actually a bornological isomorphism. Using the map 
pi one proves in a similar way that (K®K)®kK — * K®K is an isomorphism. We 
conclude that A is essential. Having established this, condition f) immediately 
yields that A is coassociative. Hence A is a comultiplication. 

If there exists maps 7/ and p r with the properties stated in conditions g) and h) 
then these maps describe the remaining Galois maps associated to A. It follows 
in particular that all Galois maps yield isomorphisms from K®K into itself in this 
case. □ 
We have already shown above that the maps % and pi satisfy the assumptions of 
proposition EH Let us write A for the comultiplication on H defined in this way. 
By construction, the Galois maps j r and pi associated to A are isomorphisms. 
To treat the remaining Galois maps for A let us abstractly define 

and 

Pr(Gi(g) <8> Qi{f)) = (QMi^j-^g ® /). 
Applying the above discussion to H op we see that 7/ and p r satisfy conditions g) 
and i) in proposition 17.31 Using equations 1)7. 4f> and l|7.6f) it is straightforward to 
obtain the formulas 

(7.26) Ji{uj® T r (g))(x®y) = (oj®cf))(p® id) (id ®T)(p r ® id) (5 ® x ® y) 
and 

(7.27) Pr(Gi(f) ®oj)(x® y) = (^j®uj) (id ® p){t® id) (id ®ji)(x ® y ® /) 

for the maps 7/ and p r . According to the definition of p and equations (|7.26|) . (|7.4(l 
and l|7.20|) we compute 

(id ®p)(ji® id)(w ® T r (f) ® Fi(g)){x ® y) = (ji(lu ® T r (f))®(j))(x ®j r (y®g)) 

— (w®4>®4>) (p® id( 2 ))(id®r®id)(p r ®7 r )(/ ® x ® y ® g) 

= (oj®(t>®(t>)(p® id(2))(id(g)r«)id)(S'®id®S'" 1 (8)id)(7 r (8)p r )(/ ® x ® y ® g) 

= ® Ti(g))®(f)(S® id (2) )(id ®r)(7 r ® id)(/ ® x ® y) 

= (/t®id)(id(g>T)(7 r «)id)(id(8)T)(w®J c ' r (/) ® Ti{g)){x ® y) 
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which yields condition h). Using equations (|7.27() . (|7.6I) and (|7.21|l one obtains 
condition j) in a similar way. Hence it follows from proposition 17.31 that all Galois 
maps associated to A are isomorphisms. 

It remains to exhibit the Haar functionals for the comultiplication A. 

Proposition 7.4. Let H be a bornological quantum group. Then the linear form 
if) on H defined by 

Mm)) = <f) 

is a faithful right invariant functional on H. Similarly, the linear form <p given by 

HSrV)) = <f) 
is a faithful left invariant functional on H. 

Proof. We have already checked above that ip is faithful. Moreover we compute 

(^®id)7r(W) ®Fi(g)) = (id^X^^hr 1 !/® S) 
= ^(id®e)7r X (/®5) = e(m(g) = ${.Hf))?tia) 

and we deduce that ip is right invariant. The assertions concerning <f> are obtained 
in a similar way. □ 
We have now completed to proof of the following theorem. 

Theorem 7.5. Let H be a bornological quantum group. Then H with the structure 
maps described above is again a bornological quantum group. 

The bornological quantum group H will be called the dual quantum group of H. 
It is instructive to describe explicitly the counit and the antipode of H. Consider 
the map e : H — > C given by 

e» = w(l) 

where H is viewed as a subspace of M{H)' according to the nondegenerate pairing 
H x M (H) -> C. The explicit formulas 

K?i(f)) = <Kf), KFrif)) = Hf), KQi{f)) = i>tf)> KGAf)) = Mf) 

show that the map e is bounded and nonzero. It is straightforward to check that e 
is an algebra homomorphism and we calculate 

(e®id) 7r (^i(/) ®Ti{h)) = {FM)^ l {f®h) = KHf)®Hh)) 
as well as 

which shows (e(g)id)7 r = ft and (id®e)pi = jl. One can then proceed as in the 
proof of theorem 14. til to show that e is nondegenerate. By the uniqueness assertion 
of theorem 14. 61 we see that the map e is indeed the counit for H. 
Similarly, we define S : H — > H by 

and using if) — S(cj>) we obtain the formulas 
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It follows that S is a bounded linear automorphism of H . Using equation (|7.4() we 
compute 

= {ip®(f>)(iJ,® id)(S ,_1 «) id (2) )(id ®7 r )(/ <8 a; ® g) 

= (0®0)(/i(g)id)(r(X)id)(id®S'®id)(id(X)7r)(/ ® x <g> 3) 

= (#?></>) (m<8> id) (r(g> id) (id ®p r ) (/ ®x®g) 

= (e<E) id) (Ti^Ti) jit ( f ® g)(x) 

= (e®id)% 1 (T l (f)®T l (g))(x) 

which shows ^(.Scgud) = (eCSiid)^" 1 . In a similar way one obtains the relation 
//(id®^ 1 ) = (id ®e)/5 ; _1 . Inspecting the constructions in the proof of theorem 14. 61 we 
see that S is the antipode of H. 
Let us now prove the Pontrjagin duality theorem. 

Theorem 7.6. Let H be a bornological quantum group. Then the double dual 
quantum group of H is canonically isomorphic to H. 

Proof. We define a linear map P : H — > (H)' by 

P(/)(w)=wCf) 

for all f E H and uj E H. According to proposition l7.4l we compute 

(^(/))(W) = j>{Hh)Hf)) = ^M)i7\f ® ^ 

= {e&flif^f ® ft) = ftSr^fih) - Fi(h)(S-Hf)) 
for all f,g£H where is the map C?; for P. This implies 

P(f) = GiHS(f)) 

and shows that P defines a bornological isomorphism from P to P. In a similar 
way one has 

P(/) = ?rGr(S(f)). 

Let us also remark that using -0 = 5 I_1 (0) one calculates 

= (<£®e)/v x (/i ® = 4>{S-Hf)S-Kh)) = Q r (h)(f) 

which shows P = PiSGi- 

Next consider the transpose fi* : H' —> (H®H)' of the multiplication map given by 

H*(uj)(f <8>g)= ujn{f ® g) = u(fg) 

for all /, <? G P. In particular, we obtain a bounded linear map /1* : H — > 
(H®H)' by restriction. Using the isomorphism P we can view A as a map from 
P — > (P(§>P)' as well. Equivalently, we have bounded linear maps from H into 
Hom(P, H') given by 

("*H(5)(/)=^m(/8'5) 
and likewise for A. Using equation (|7.15|l we calculate 

L{^i{h)){g) = (id (§>$)7rCFi(fc) S-FiSfo)) 
= (id(gi'0)(^(g)Ji)T7f 1 (id®5)(/i(8>c?) 
= (e®;F0(S®id)7 r T(/i® £/-) 
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and thus obtain using the definition of S 1 

H^i(h))(9)(f) = i>{Fi{9h)FiS{f)) = ^M)^\gh ® S(f)) 

= (e&thfHgh® S(f)) = <f>(fgh) = fj,*(^(h))(g)(f) 

which shows that A can be identified with the transpose /i* of the multiplication. 
Similarly, we have seen in the constructions above that fl can be identified with the 
transpose A* of the comultiplication. 

With this in mind it is straightforward to check that P is an algebra homomor- 
phism and a coalgebra homomorphism. Hence P is an isomorphism of bornological 
quantum groups. □ 

8. Duality for modules and comodules 

In this section we study the duality between essential modules and comodules 
over a bornological quantum group and its dual. 

Let H be a bornological quantum group and let rj : V — > Hom# (H, V®H) be an 
essential ii-comodule. We define a bounded linear map D(rj) : H®V — > V by 

D(ri){Fi(f)®v) = (id®^)rj(»®/). 

For later use we need another description of this map. Since H is an essential 
algebra we may view r\ as a bounded linear map from V into Hom# (H, V®H) = 
Horny (H(&hH, V®H). Under the latter isomorphism ij(v) corresponds to the map 
(id®ii)(r](v)® id). Moreover, using notation and results from sectionOOwe have 

<t>{hgv{f)) = ip(hgf) = <KM»/)) 

for all f,g,h&H which implies that v is left iJ-linear. Together with the relation 

(id®(f>){id®fj,)(r)(v)(g)®y(f)) = {id®ip)(id®iJ,)(r)(v)(g) ® /) 

we thus obtain 

D(r))(Si(f)®v) = (id(g>V>)r?(w«>/)' 

Next we compute 

D(ri)(id®D(ri))(Fi(f) ® Fi(g) ® v) = {id ®(P)r](D{r))(^i{g) ® v) ® /) 
= (id ®0)ry(id ® id ®</>)?7i3 (v ® / ® g) 
= (id®0®0)r]i2ryi 3 (w <Z> f ® g) 
= (id ®0®<£)(id ®7r)?7i2(id ®7 r T 1 )(« ® / ® fir). 
According to equation (|7.4II we have 

{(t>®<t>)lr = (<j>®4>)(S~ 1 ®id)p r 
and using equation (|4. and equation 1|7.14(1 we obtain 
D(ji)Qd&D{rj))(ri(f)®Fi(g) ® «) 

= (id®0®0)(id®5~ 1 (g)id)(id(8)p r )?7i2(id®7 i r 1 )(w ® / ® fir) 
= (id®4>®(j))ij 1 3(id®S~ 1 (§id)(id®pi)(id<E)S(g)id)(v ® / ® #) 
= {id®(j)(g)(l>)ri 1 2(id(g)'yf 1 )(v<Z)f(g)g) 
= D(ri)([M®id)(Fi(f)®Ti(g)®v) 

which shows that V becomes a left ii-module in this way. 

We want to show that V is actually an essential ^/-module. In order to do this it 
is convenient to work with the map (id®<^>)?7 instead of D(rj). There is an evident 
bounded linear splitting a : V — > V®H of this map given by a(v) = r/^ 1 ^ ® h) 
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where h is chosen such that <j>{h) = 1. If we identify H®^V accordingly with a 
quotient Q of V®H we have the relation 

(id ® id ®0)77i3 = (id id 00) (id 07" 

in this quotient. Now we see as in the proof of proposition 17.21 and according to 
formula (|7.15|) 

(id®id®0)??i2?7i3 = (id(g)^id)?7i2(id(g)S'(g)id)(id®7r)(id®S'" 1 ® id)(id®r) 
= (id«)08)id)?7i2(id(g>7," 1 ) 

which implies 

77 _1 (id®0®id)77i2 = ?? _1 (id® id®0)?7i2»7i3(id®7/) 

= (id®id®0)jji 3 (id®7;) = id ® id ®0 

in Q. It follows from this relation that cr(id®0)77 is the identity map on Q. Trans- 
lating this back to H®fjV we deduce that V is an essential module. 
An iJ-colinear map / : V — » W is easily seen to be H-linear for the module struc- 
tures defined in this way. Hence we have proved the following statement. 

Proposition 8.1. Let H be a bornological quantum group and let H be the dual 
quantum group. The previous construction defines a functor D from Comod- H to 
H-Uod. 

Conversely, let A : H®V — > V be an essential left ii-module. By slight abuse of 
notation we write A -1 for the inverse of the isomorphism H(®hV = V induced by 
A. We define a bounded linear map D(X) : V®H — > V®H by 

D(X)(v ® Fi(f)) = (id ®F t )T(id ®A)( 7 f 1 r®id)(id®A- 1 )(/(8. w ) 

which is seen to be well-defined since 7; _1 t is right ii-linear for the action by mul- 
tiplication on the second tensor factor. It is evident that -D(A) is an isomorphism. 
Since A is left 7J-linear we calculate with p = 7>~ r 

(id A) (7,~ 1 t0 id) (id A" 1 ) (id 000 id) ('yf 1 id) (/ ® g® v) 

= (0<8) id ® id)(id (2 ) <§> A) (id 07, _1 t0 id)(id (2 ) ®\~ 1 ){t^ 1 ® id)(/ ®g®v) 
= (id ®0® id)(id (2 ) 0>A)(r0 id (2 ))p 23 

(r® id (2 ))(id(2) ®A _1 )p 12 (T® id)(/ ® 3 ® u) 
= (id 000 id) (id (2 ) 0A)p 13 p 12 (r® id (2) ) (id (2) ® A - 1 ) (/ 5 u) 
= (id 0^0 id) (id (2 ) 0A)p 12 p 23 (r® id (2) ) (id (2) A~ 1 ) (/ 5 v) 
= (id 00® id)(7 ; _1 0id)(T0id)(id( 2 ) 0A)(id ®jf V® id) 

(id (2 ) 0A _1 )(t0 id)(/ g w) 

using (00 id) = (00 id)p as well as the pentagon relation Ij7.17|l for the map p. This 
shows 



D(A)(id ®p)(v Ti{f ) Ti{g)) = (id ®/t)(D(A)® id)(« ® W) ^(5)) 
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which means that -D(A) is right if-linear. Again by the pentagon relation for p and 
the fact that A is i7-linear we have 

( id( 2 ) <Z> A) (t® id (2 ) ) (id ®7j _1 r® id) (r® id (2) ) 

(id^yfV® id)(id (2 ) ®A _1 )(r7,' 1 (g) id)(/ (8)5(81 u) 
= (id (2) ®A)(ri8) id (2) )p 23 p 13 p 12 (T® id (2 ) ) (id {2) ®A _1 )(/ <g> 3 <g> u) 
= (id (2) ®A)(t® id (2) )p 12 p 23 (T® id ( 2))(id (2) (SiA -1 )^ <g 3 <g u) 
= (t7[" 1 (g)id)(r(g)id)(id(2) ®A)(id (g>7f V® id)(r<8) id (2) )(id (2) ®A _1 )(/ <g>g(g>v) 
which shows 

£(A)i2£(A) 13 (id® 7r )(i; ® ^(/) ® T{g)) = (id ®7 r )£>(A) 12 (i; ® Hf) ® ^(ff))- 

Hence -D(A) is a right coaction of if on V. It is easy to check that an iJ-equivariant 
map / : V — > W between i7-modules defines an if-colinear map between the 
associated comodules. 

Proposition 8.2. Let H be a bornological quantum group and let H be the dual 
quantum group. There is a natural functor from H -Mod to Comod-iJ which will 
again be denoted by D. 

We obtain the following duality theorem for modules and comodules. 

Theorem 8.3. Let H be a bornological quantum group. Every essential left H- 
module is an essential right H-comodule in a natural way and vice versa. This 
yields inverse isomorphisms between the category of essential H -modules and the 
category of essential H-comodules. These isomorphisms are compatible with tensor 
products. 

Proof. Let us check that the functors defined above are inverse to each other if we 
take into account the Pontrjagin duality theorem !7.6l According to equation l|4.20|> 
we have 

7 -! = T (S- 1 ®id)pi(S&id) 

and hence 

(e(g)id)7 / ~ 1 r(S'®id) = (id ®e)(S'- 1 (g) id)pi(S®S)r = S^^S^S^ = p. 

Using the definition of the right Haar functional ip on H we thus compute for an 
essential if-module A : H®V — > V 

(id^)D{\){v®Ti{S{f))) 

= (^®id)(^(g)id)(id®A)(7~ 1 r®id)(id®A- 1 )(S'(g)id)(/® v) 

= (e® id) (id ®A)(7 ; -1 t® id) (S® id (2) )(id ®A _1 )(/ ® v) 

= A(e® id (2) )(7f V® id)(5® id (2) )(id ®A _1 )(/ v) 

= A(^®id)(id®A _1 )(/®?;) 

= A(id ®A)(id &A _1 )(/ ® v) = X(f ® v). 

Consequently we have 

and according to Pontrjagin duality this shows that the module structure DD{\) 
can be identified with A. 
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Conversely, let r\ : V — » Homg (V, V®H) be an essential fi-comodule. Using equa- 
tion (|7.15(l for H we compute 

= (id &Fi)-r(id ^(ry))^^® id )(id &D{rj)^){S{w) «) 

= (id®^" / )r(id«)L'(?7))(S , (g)id (2) )(7 r (g)id)(id(g>I)(r7)" 1 )(u; ®v) 

= T(J^S , ®id)(id(g)L'(77))(7 r (8)id)(id®£)(r;) _1 )(w (giw) 

and thus obtain 

DD{fi)(p{rj){F l {g)®v)®F l SQ l {f)) 

= T(^i5®id)(id(i)£)(j7))(7 r ®id)(ft(/) <8> ^"/(.g) <8> «) 

= (id ig)^5)T(id <^D(r 1 ))(gi®J : l i§ id)^" 1 ® id)(/ ® g ® u) 

= (id®^S')(Z)(7 ? )(g)id)(r(8)id)(id(8)J : ' / (g)^)(id®7 ; " 1 )(w <g> / <g> 5) 

= (id(g.^S , ^)(i?(r ? )®id)(r®id)(id(8)^ r / (g)id)(id«)7 / " 1 )(u ® f <%> g) 

= (id®^S"5;)(id®0®id)r; 12 (id®7f ^(t) 0/(8)5) 

= (id^S^id^id^^V 3 ^ <g> / <g> 5) 

= (id<^,S0^(-D(>7)(^i(ff)®«)®/) 
which implies 

DD{rj){v®?iSGi{f)) = (id®F l Sg l )r)(v®f) 

since -D(?7) is an essential _ff-module. Again by Pontrjagin duality this shows that 
DD(rf) is isomorphic to 77. 

Consider H® H (H®(H<g> H H)) and (H® H H)®(H® H H) as if-modules by multipli- 
cation on the first tensor factor and by the diagonal action on the first and third 
tensor factors, respectively. Then the isomorphism £ used in the proof of proposi- 
tion |73l is i? -linear. Using this observation it is straightforward to check that the 
functor D from H -Mod to Comod-i? is compatible with tensor products. □ 
Of course there is an analogue of theorem 18. 31 for right modules and left comodules. 
Let us use the above duality results to construct the dual of a morphism between 
bornological quantum groups. 

Proposition 8.4. Let a : H — » M(K) be a morphism of bornological quantum 
groups. Then there exists a unique morphism a : K — > M(H) such that 

for all f € H and uj G K . 

Proof. Uniqueness of a follows immediately from the nondegeneracy of the pairing 
between H and M(H). Consider the transposed right regular coaction p — 7 / _1 r 
on H. The dual action of the pushforward coaction a*(p) yields a left _ftT-module 
structure on H . Using the linear isomorphism Ti we may view this as a K- module 
structure on H. Associativity of the multiplication in H and equation 1)7. f 6|l shows 
that we obtain in fact a bounded linear map &i : K — > Mi(H). Similarly, the 
map 7 = p J T 1 r defines a left coaction of H on itself, and the dual action of the 
corresponding pushforward coaction determines a right if-module structure on H. 
This action yields a homomorphism a r : K — > M(H). Using lemma for H cop 
we obtain 

(id®/?) (7® id) = (7® id) (id dip) 

and hence the resulting left and right X-module structures on H commute. Conse- 
quently, the maps ai and a r yield a nondegenerate homomorphism a : K — > M(H). 
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Consider also the transpose a* : K — ► H' of a given by 

a»(/)= W (a(/)). 

Then we have 

</,<*»> = <«(/),">>• 
Moreover the calculation after equation l|4.16(l for H cop gives 

(/i® id)(id®p) = (id®/z)(id®S , ~ 1 ®id)(rp r (g>id) 

and using equation (|7.4() and the definition of 6>i as well as the definition of fi : 
H'®H — > if' we calculate 

A(&i<» id) (J^i (fc) <8> C») 

= (0ff<8</>ir)(^<8iid)(id(2) ®A ; )(id®/j®id)(id( 2 ) ®A, _1 )(ft ® / ® fc) 
= (0H®0K)(id®A/)(id®^(g)id)(id(g)S ,_1 (g)id ( 2))(T / 9 r (K)id (2) ) 

(id (2) <e>A, _1 )(ft(g) /(E) fc) 
= (4>H l S><f>K) (id ®A; ) (id ®/li® id) (r® id (2 ) ) (j r ® id (2 ) ) 

(id (2) ®A, -1 )(ft<g>/(g)fc) 
= (0i? ®0if ) (id ®/z) (id 0a® id) (r® id) (7 r ® id) (ft ® / ® fc) 
= /i(a*®id)(^(fc)®^(/))(ft) 

where A; denotes the isomorphism H®hK = if induced by a. This shows 

M&i(Fi(k))®Hf)) = A(a*Cfi(fc)) ® W)) 

for all fc 6 if and f £ H. Similarly we have 

£(&(/)) ® fir(ffr(Af))) = A(&(/)) <8> <**(&(*))) 

and we obtain 

d(w) = a*(w) 

for all uj E K. 

We shall only sketch how to show that a is a coalgebra homomorphism. Using 
equation Ij7.4|) one obtains 

((/>(g)0)^ ( 2)(p;®id ( 2)) = (0®</O(/*®id)(id<8>/i<8>id)7^ 

= (0® 4>) (/i® id) (id ®/i® id) (id (giS"" 1 ® id (2 ) )p^ 4 

= (0®</))M(2)(id(2) ®T7f x ) 

which shows 

{pi{f ®g),Hh)®Fi{k)) = (f®g ) %(.Fi(h)®ri(k))) 

for all /, 3, ft, fc € if. This relation extends to the case where / and g are multipliers 
of H and we have similar statements involving other Galois maps. Based on this 
we calculate 

{f ® g,{a®a)%{Ti{k) ® = ((<*»<*)(/ ® g), %(Ti{k) ® F t (l))) 

= {pi{a®a)(f ® g),Ti{k) ® 
= {{a®a)pi{f ® g),Ti{k) ® 

= (/®ff,7r(a®a)(^(fc)®^(0)} 

and deduce 

(d®ci)7 r = 7,-(a®d) 

which easily implies that a is compatible with the comultiplication. □ 



40 



CHRISTIAN VOIGT 



9. BORNOLOGICAL QUANTUM GROUPS ASSOCIATED TO LlE GROUPS 

In this section we describe a dual pair of bornological quantum groups associated 
naturally to every Lie group. These bornological quantum groups are generaliza- 
tions of the Hopf algebra of functions G (G) and the group algebra CG of a finite 
group G. As a matter of fact, one can extend the constructions described below 
to arbitrary locally compact groups. We will comment on this at the end of this 
section. 

If M is a smooth manifold we let V(M) be the space of smooth functions on M with 
compact support. The space D(M) is equipped with the homology associated to 
its natural LF-topology. We need the following assertion which is straightforward 
to prove. 

Lemma 9.1. Let M be a smooth manifold. The multiplier algebra of the algebra 
V(M) of smooth functions with compact support with pointwise multiplication is the 
algebra £(M) of all smooth functions. 

Now let G be a Lie group. We choose a left Haar measure dt and denote the 
modular function of G by S. Then we have 

f f(ts)dt = 5(s) f f(t)dt, f f{r l )dt = f S(t)f(t)dt 
Jg Jg Jg Jg 

for all / G V(G). 

Let us write C^°(G) for the bornological algebra of smooth functions on G with 
pointwise multiplication. Using lemma 19.11 one defines the comultiplication A : 

C™(G)^M(C™(GxG)) by 

A(/)(r )S ) = /(r S ). 
This homomorphism is easily seen to be nondegenerate and coassociative. 

Proposition 9.2. Let G be a Lie group. Then the algebra C£°(G) of smooth 
functions with compact support on G is a bornological Hopf algebra. 

Proof. It is straightforward to check that all Galois maps associated to A are iso- 
morphisms. A left invariant integral for C^°(G) is given by integration, that 
is, 

<t>(f) = I f(t)dt 
Jg 

for all / e G C °°(G). □ 
Let us also consider the counit and the antipode for G^°(G). The counit e : 
G C °°(G) C is given by 

e(/)=/(e) 

where e is the unit element of G. The antipode S : G^° (G) — > G^° (G) is defined by 

S(f)(t) = fit- 1 ) 

for all / € G^°(G). Evidently the relation S 2 — id holds. The modular element in 
M(C^°(G)) is given by the modular function 5. 

Let us explicitly describe the dual of G^°(G). We write T>{G) for this bornological 
quantum group and refer to it as the smooth group algebra of G. The underlying 
bornological vector space is of course again the space of smooth functions with 
compact support on G. Multiplication is given by the convolution product 

(/*<?)(*)= f f(s)g(s-H)ds 
Jg 

which turns T>(G) into a bornological algebra. Note that 2?(G) does not have a unit 
unless G is discrete. The corresponding multiplier algebra is determined in 
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Proposition 9.3. Let G be a Lie group. The multiplier algebra of the smooth group 
algebra T>(G) is the algebra £'(G) of distributions on G with compact support. 

Explicitly, a left multiplier L of T>(G) defines a distribution Dl on G by the 
formula 

D L (f)=L(f)(e). 

Remark that the complex group ring CG is contained in M(V(G)) = £'(G) as the 
subalgebra spanned by the Dirac distributions <5 S for s 6 G. 

Using proposition ^ . 31 one may describe the comultiplication A : T)(G) — > £'{G x G) 
by 

A(/)W= / f(s)h(s,s)ds. 

JG 

The counit e : T>(G) — > C is defined by 

e(f) = f f(s)ds. 

JG 

Finally, the antipode S : T>(G) — > 2?(G) is given by 

S(f)(t) = S(t)f(t- 1 ) 

and we have again S 2 — id. The general theory developped in the previous sections 
yields immediately the following result. 

Proposition 9.4. Let G be a Lie group. Then the smooth group algebra D(G) of 
G is a bornological quantum group. 

A left and right invariant integral <f> for T>(G) is given by evaluation at the 
identity, 

</>(/) = *e(/) - /(e). 
We remark that <j> is not a trace. More precisely, we have 

<M/ * 9) = j G fftgit-^dt = J 8{t)g{t)f{r l )dt = cj>{{5 ■ g) * f) 

for all f,g € V(G). 

As mentioned above, one may as well consider smooth functions on arbitrary locally 
compact groups G and obtain corresponding bornological quantum groups (G) 
and T>(G). The definition of the space of smooth functions in this setting involves 
the structure theory of locally compact groups in order to reduce to the case of 
Lie groups. More information can be found in ^1] where smooth representations 
of locally compact groups on bornological vector spaces are studied. 
Actually, it is immediate from the definitions that a smooth representation of the 
group G is the same thing as an essential comodule over G^°(G). In ^3] it is 
shown that the category of smooth representations of G is naturally isomorphic to 
the category of essential modules over T>{G). This statement may be viewed as a 
special case of theorem 18.31 and explains the motivation for the general definitions 
of essential modules and comodules given in sectional 

In the context of locally compact groups it is more natural to work with continuous 
functions than to consider smooth functions. Eventually, this leads to the study of 
quantum groups in the setting of G*-algebras. The most satisfactory definition of 
such quantum groups is due to Kustermans and Vaes . Although their definition 
resembles the definition of a bornological quantum group to some extent, it has to 
be emphasized that the theory of locally compact quantum groups is technically 
much more involved. For instance, basic examples show that the counit and the 
antipode of a quantum group do not exist on the level of G*-algebras in general. 
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10. Schwartz algebras and discrete groups 

In this section we describe bornological quantum groups arising from Schwartz 
algebras of certain Lie groups as well as from algebras of functions satisfying various 
decay conditions on finitely generated discrete groups. 

We begin with the abelian Lie group G = R n . Let <S(R n ) be the Schwartz space of 
rapidly decreasing smooth functions on R™. The topology of this nuclear Frechet 
space is defined by the seminorms 

d a f(x), 



pM) = su p 



"(I 



dx c 

for any multiindex a and any nonnegative integer k where 



We write >S(R n ) for the essential bornological algebra obtained by equipping <S(R") 
with the pointwise multiplication of functions. In order to identify the correspond- 
ing multiplier algebra recall that a function / 6 C°°(R™) is called slowly increasing 
if for every multiindex a there exists an integer k such that 

1 d a f(x) 



sup 



< CO. 



(1 + M) fc dx 

Slowly increasing functions on R™ form an algebra under pointwise multiplication. 

Lemma 10.1. The multiplier algebra Af(5(R n )) is the algebra of slowly increasing 
functions on R" . 

Proof. It is evident that every multiplier of 5(R") is given by a smooth function 
/ on R". Multiplication by such a function induces a continuous linear map from 
5(R") to itself iff / is slowly increasing [21]. □ 
To define the quantum group structure of 5(R n ) the formulas for C£°(R n ) carry 
over. The comultiplication is an essential homomorphism and the associated Galois 
maps are isomorphisms. Moreover the Lebesgue integral defines a faithful Haar 
integral for 5(R"). Hence we obtain the following result. 

Proposition 10.2. The algebra 5(R") of rapidly decreasing functions on 1" is a 
bornological quantum group. 

Let us also describe the dual of iS(R"). We will denote this quantum group 
by iS(R") and call it the tempered group algebra of R™. The underlying algebra 
structure is given by iS(R") with convolution multiplication. In order to determine 
the multiplier algebra of 5(R") let us denote by B(R") the space of all smooth 
functions / on R n such that all derivatives of / are bounded. The topology on 
B(R n ) is given by uniform convergence of all derivatives. By definition, a bounded 
distribution is a continuous linear form on the space i?(R"). A distribution T 6 
2?'(R") has rapid decay if the distribution T(\ + \x\) k is bounded for all k > 0. 

Lemma 10.3. The multiplier algebra M(5(M n )) of <S(R") is the algebra of distri- 
butions with rapid decay. 

Proof. The Fourier transform defines an algebra isomorphism 5(R") = tS(R"). In 
particular, the multiplier algebras of <S(R") and >S(R n ) are isomorphic. According 
to lemma 110.11 the multiplier algebra of 5(R n ) is the algebra of slowly increas- 
ing functions. Under Fourier transform, slowly increasing functions correspond to 
rapidly decreasing distributions [23- □ 
The comultiplication, counit, antipode and the Haar integral for <S(R n ) can be de- 
termined in the same way as for the smooth group algebra X>(R"). Remark that 
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the classical Fourier transform can be viewed as an isomorphism of bornological 
quantum groups ^(IR 11 ) = iS(R") where M. n is the dual group of M. n . 
The tempered group algebra 5(M) and its dual as well as corresponding crossed 
products have been considered by Elliot, Natsume and Nest in their work on the 
cyclic cohomology of one-parameter crossed products [5]. 

Let us also explain how the abelian case treated above can be extended to nilpotent 
Lie groups. The algebra S(G) of Schwartz functions on a nilpotent Lie group G 
has been considered by Natsume and Nest in connection with their study of 
the cyclic cohomology of the Heisenberg group. 

Let G be an n-dimensional connected and simply connected Lie group with Lie 
algebra g. Fix a Jordan-Holder sequence 

= 0o C 0i C • • ■ C g n = g 

for the Lie algebra of G and a basis X\, . . . , X n such that Xj £ Qj Then one 

has a diffeomorphism cf> : R™ — > G given by 

4>(ti, ...,*„)= exp(tiXi) • • •exp(i„X„) 

and this diffeomorphism may be used to define the Schwartz space S(G) as the space 
of smooth functions on G corresponding to the Schwartz space of K n . The space 
S(G) is independent of the choice of Jordan-Holder basis. We denote by S(G) the 
bornological algebra of Schwartz functions on G with pointwise multiplication and 
write S(G) for the bornological algebra obtained by considering the convolution 
product. As a generalization of proposition \W.'J\ and the previous discussion we 
obtain the following statement. 

Proposition 10.4. Let G be a connected simply connected nilpotent Lie group. 
Then S(G) and S(G) define a dual pair of bornological quantum groups in a natural 
way. 

Now let r be a finitely generated discrete group equipped with a word metric. 
We denote by L the associated length function on T. The function L satisfies 

L(e) = 0, L(t) = L(t~ 1 ) and L(st) < L{s) + L(t) 

for all s,t £ r. Following the notation in we define several function spaces 
associated to T. For every k £ M. consider the norm 

ii/n fc = Ei/(*)i( 1+i ( t ))' £ 

ter 

on the complex group ring Cr and denote by 5 fe (r) the corresponding Banach 
space completion. We write also ^(r) instead of iS°(r). Moreover let S(T) be the 
completion of Cr with respect to the family of norms || — || for all k € N. The 
natural map 5' £+1 (r) S k (T) is compact for all k £ N and hence S(T) is a Frechet 
Schwartz space. In particular, the bounded and the precompact bornology on <S(r) 
agree. We call S(T) the space of Schwartz functions on T. Remark that for T = Z" 
with its natural length function we reobtain the usual definition of the space S(Z n ) 
of Schwartz functions. 
Consider moreover the norm 

n/iu = Ei/wi aL(t) 

ter 

for a > 1. We write ^(T, a) for the completion of Cr with respect to this norm 
and 0(T) for the completion with respect to the family || — ||„ for n £ N. The 
space 0(T) is again a Frcchct Schwartz space. Moreover let 5 w (r) be the direct 
limit of the Banach spaces ^(r, a) for a > 1. This space is a Silva space, that 
is, a bornological vector space which is the direct limit of a sequence of Banach 
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spaces with injective and compact structure maps. All these function spaces do not 
depend on the choice of the word metric. 

It is easy to check that the norms || — || fe and || — || Q are submultiplicative with 
respect to the convolution product. As a consequence, all function spaces considered 
above become bornological algebras in a natural way. Moreover the antipode, the 
counit and the Haar functional of CT extend continuously to the completions. For 
every / e Cr we have the estimates 

||-|| fe ^||-||'(A(/))<^|/W|||5 t || fe ||5 t ||' 

ter 

= j2\f(tm + L(t)) k a+L(t)) l = \\f\\ k+l 

ter 

of the projective tensor product norms where St denotes the characteristic function 
located in t. Similary, 

II - iu^h - |UA(/)) < Y, = ll/IU 

ter 

for all a, j3 > 1. We obtain the following statement. 

Proposition 10.5. Let T be a finitely generated discrete group. Then the algebras 
I (r), 5(r), 0(r) and iS"(T) are bornological quantum groups in a natural way. 

The algebra structure of the corresponding dual quantum groups is obtained by 
equipping the above spaces of functions with pointwise multiplication. 

11. RlEFFEL DEFORMATION 

In the monograph 20 Rieffel studies deformation quantization for Poisson brack- 
ets arising from actions of R d . A basic example of such a deformation is the Moyal 
product for functions on R 2 ™. Although the main focus in [23] is on the study of 
the C* -algebras arising in this way, a large part of the theory is carried out in the 
setting of Frechet spaces. 

If the underlying manifold is a Lie group one may restrict attention to those de- 
formations which are compatible with the group structure. As it turns out, one 
obtains quantum groups in the setting of C*-algebras in this way [23 > |22) . We 
shall only consider the case of compact Lie groups. A remarkable feature of the 
corresponding compact quantum groups is that they arise from deformations of the 
algebra of all smooth functions and not only of the algebra of representative func- 
tions. The deformed algebras of smooth functions ht naturally into the framework 
of bornological quantum groups. In this section we shall discuss this point, how- 
ever, our exposition will be brief since all the necessary work is already done in the 
papers by Rieffel. 

Let G be a compact Lie group and let T be an n-dimensional torus in G with Lie 
algebra t. We identify t with E™ and set V = R" x R n . Let exp : t — > T denote 
the exponential map. Moreover let J be a skew-symmetric operator on V with 
respect to the standard inner product. In order to obtain a Poisson bracket which 
is compatible with the group structure of G we shall assume that the operator J is 
of the form J = K (B (~K) where K is a skew-symmetric operator on R™. 
Using this data, the deformed product of /, g G C°°(G) is defined by 

{f* K g)(x) = J f{exp(-Ks)xexp(-Ku))g(exp{-t)xexp(v))e 2ni ^ +< ' u ^ 

where the variabes of integration range over R™. This formula yields a continuous 
and associative multiplication on C°°{G) equipped with its natural Frechet topol- 
ogy. We write C°°(G)k for the corresponding bornological algebra. 
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The algebra C°°(G)k together with the ordinary comultiplication, antipode, counit 
and Haar integral of C°°(G) given by 

A(f)(s, t) = f(st), S(f)(t) = fit- 1 ), e(/) - /(e), <f>(f) = J f(t)dt 

becomes a bornological quantum group. In particular, the classical Haar functional 
is also faithful with respect to the deformed multiplication. 
We have thus the following statement. 

Proposition 11.1. Let G be a compact Lie group and let T be a torus in G with 
Lie algebra t. For every skew- symmetric matrix K on t there exists a bornological 
quantum group C°°{G)k with structure as described above. 

We refer to |2D], |23 f° r m ore information and concrete examples. 
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